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Introduction.

The main point of this thesis is an introduction to the theory of Grobner
bases. The concept of Grobner basis and construction of the Grobner basis by
Buchberger’s Algorithm, in which the notion of S-polynomials is introduced,
and a few modified or improved versions of Grobner basis algorithm are
reviewed in this paper.

In Chapter 1, we have a review of ideals, the definitions and types of
monomial ordering, the multivariate polynomial division algorithm and its
examples. After ascertaining the monomial ordering on multivariate polyno-
mials, we establish a leading term of a polynomial.

In Chapter 2, after defining Grobner bases, we study some nice and useful
properties of Grobner bases, such as a uniqueness of reduced Grobner basis
and existence of a Grobner basis.

In Chapter 3, we explore the Buchberger-Moller algorithm to construct
Grobner bases and return a set of polynomials whose residue classes form
a basis of a quotient of a polynomial ring. Also, we survey a generalized
Buchberger-Moller algorithm to determine directly a Grobner basis for the

intersection of a finite number of ideals.



In Chapter 4, we conclude this paper with some applications of Grobner

bases.

Chapter 1.

Ideals and General Polynomial Division.

The theory of Grobner bases is very useful. Especially for solving one
problem where the problem can become the key to more complicated and
various other problems in different areas of mathematics and even outside
mathematics (KR 2). To explain Grobner bases, we will need preliminary
definitions and some concepts of ideals. Thus, the main purpose of this

chapter is to recall a ring, an ideal and general polynomial division.

1.1 A Review of a Ring and an Ideal
Definitions
(1) A ring (R, +, x) has three properties.
a. (R,+) is a commutative group.
b. X is associative.
c. X is distributive over 4.

(2) The ring R is commutative if multiplication is commutative.



(3) A subring is a subgroup of R, which is closed under x.

(4) For R a commutative ring, a polynomial in z is of the form;
™ 4+ an 12" 4 ...+ a1z + ag

where a; € R.
The set of all such polynomials is called the polynomial ring, denoted R[z].
(5) Let R and S be rings and ¢ : R — S be a homomorphism.

The kernel of ¢ (ker ¢) is a subring of R which maps to 0 in S has a
sticky property.

a. Closure under multiplication.

Va € ker ¢, r € R both ra,ar € ker ¢.
(6) An ideal (/) of a ring (R) has two properties as follows.

a. Subgroup property.

b. Kernel’s sticky property under multiplication.

Ya € I, r € R both ra,ar € I.

The trivial ideal is {0}. A ideal is proper if I # R.

Example 1.1
(1) The rational numbers, @, is an example of a ring.
(2) @ is commutative under x and has an identity. Note that a ring is
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commutative under +, but a commutative ring commutes under Xx.

(3) Z,/13Z , is denoted for consisting of the thirteen residue classes,

is categorized by their remainder of an integer after division by 13. For
example an integer 23 is divided by 13, returned the remainder 10, so 23 is
an element in the residue class 10. Thus any integers in this residue class
are 10 = {... — 16,-3,10,23, 36, ...}, and also are called them the integers
congruent to 10 mod 13.

Z /137 is a ring.

(4) @ is a subring of the real numbers.

(5) In the natural projection Z — Z,13Z, 13Z is the kernel, because the
multiples of 13 in Z map to 0.

(6) 13Z is an ideal of Z, because 13Z is a subgroup of Z and anything in
137, say 13, and anything in R, say 2, both 2 x 13 and 13 x 2 are in 13Z.
(7) It is a fact that any ideal I, in the polynomial ring with n variables

K|z1,xa, ...,z,]|, where K is a field, is finitely generated, that is there are



fi, ey fn in I such that for any g in 1

g=nfi+..+rafn

where f; € I, and r; € K[z}, xo, ..., Tp)

(DF 317). These ideals are called Noetherian.

Why are we interested in ideal I? Ideal is used in many different ﬁelds
of mathematics, such as coding theory. Ideal is a basis for interpolation
problems of numerical analysis. Ideal membership problem and test were
explained in ”Computational Commutative Algebra” by Kreuzer et al,and
briefly explained as follows.

Suppose we want to know the solution to the following problem. Let

fl(.'L'l, ,.’I)n) =0

fr(xla ,.’I)n) =0

be a system of polynomial equations with n — variables, and r — equations

defined over any arbitrary field, and let

f(.’L'l, seey .’L'n) = 0



be an additional equation to the system of the equations. Then how do we

know that
f(l'l, ...,In) =0
holds for all solutions of the given system of the equations? A part of the

problem is an ideal membership decision. For instance, if there are polyno-

mials g1, ..., g such that

f=9-H+.+ag f

if f € I, then the solution of f; = ... = f, = 0, is a solution of f = 0.
Example 1.2
Let I = (2%y? + z, z%y* + y) be the ideal, then are (—z% +y) and (z — 2°¢%)

in the same ideal I 7
(2% +y) = (—z) - (%> + z) + (z%y° + y).
(z — 2°y°) = (®y* + z) — 2?y(2®y* + y).

So both (—z? + ) and (z — z%y®) are elements of I.

Two elements of a ring are called congruent modulo I, if the difference be-
tween them is in the ideal .

Example 1.3



Let I = (z%y? + z,2%y* + y) be the ideal, and f; = 2%y? and f, = y. Then

f1, fo ¢ 1.How about the difference between them?

22 —y
= (z%) - (2°y* + 2) — (%" + )
— Byt 4 a2y? — Byt -y
=z2y?t—yel
Thus, two polynomials f; and f are congruent modulo I.

Then, when do we use the fact that f € I , where f € K|[xy,...,z,]? The

following Fermat polynomial is one example that uses the fact.

Fermat Polynomials.

The Fermat polynomials are
F,=z"+9y"—z2"(n>1).

They are from Diophantine equation z"+y" = 2", but Fermat claimed there
is no integer solutions for n > 2. So we call them Fermat polynomials. If
this F, is in I,then we can write F), as a linear combination of F}, Fy, ..., F}
with their coefficients are from @[z, y, z]. Writing F,, as a linear combination
of F\, Fs, ..., F, means F,, is generated by Fi, Fy, ..., F.
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This solution by the Grobner bases method was provided in ” Grobner Bases
and Applications” edited by Buchberger and Winkler in 1998, which con-
nected possible approaches to solving the Fermat problem. We compute a
Grobner basis G for Ideal (F1, Fy, F3) and check by the reduction of FymodG.
If Fy is in Ideal (F1, Fy, F3), then the reduction of FymodG gives 0. Then we
can write

Fy=5-F -5 -F,+5; F;s

where S; are the elementary symmetric polynomials in z,y,z2. (Sy = zyz,
S1 =xy+xz+yz, So = x+y+ 2). Since we know that Fj is in Ideal
(Fy, Fy, F3), then (Fy, Fy, F3) = (Fy, Fy, F3, Fy) and so the Grobner basis is
the same. Now, check by reduction of FsmodG.

If Fy is in Ideal (F}, Fy, F3, Fy), then the reduction of FsmodG gives 0.

Then we can write

F5=SO'F2—31'F3+52'F4.

This Fermat ideal generated by the many F,, is already generated by the first
three Fermat polynomials (BW 5).

Remark. From the above pattern, we note that for arbitrary n > 1,

Foyz3 =80 Fp—S1-Frp1+ 52+ Frpo

9



Proof Starting from the right hand side of the equation:

So+ Fn— 51 Fpp1+ Sa - Fopo
= zyz(z" + y" — 2") — (zy + 22 + y2) (2" + " — 2

+ (x—i—y + z)(xn+2 +yn+2 . Zn+2)

+1yz +:L.yn+1z _ :L,yzn+1 _ ( n+2y —|—a:y Y2 n+1+
ac"”z + n+2z +xy _ .’L'Zn+2 + xn+1yz +yn+2z _ yzn+2)
+ n+3 + l.y n+2 + In+2y + yn+3

_ yzn+2 + In+22 + yn+2z _ zn+3

3 3 3
— xn+ +yn+ _ Zn+ — Fn+3-

we end the left side of the equation. Done.

1.2 Definition and Types of Monomial Ordering

Definitions.

A monomial is a polynomial with only one nonzero term.

> is a monomial ordering (often called a term ordering), if the following
properties hold.

(Well Ordering) Any non-empty set of monomials has a least element.

(Partial Ordering) (a) Reflexive: Ymy, m; > my

10



(b) Transitive: Ymyms, ms, if m; > mq and my > mj, then

(c¢)Anti-Symmetric: Vmymg if m; > mo and mg > my, then
mip = Ma.
(Total Ordering) Ymy, ma, my > mg or mg > my.

(Compatibility) Vmy, mg, m, if m; > mo then m my; > m ms.

Types of Monomial Ordering.

(1) Lexicographic ordering (lex for short): 29! - 232 -...- 28 > 2% . 2% . . gbn
if there exists i,1 < i <mn, a; = bj, for j <14 and a’ > V.

(2) Graded lexicographic ordering (grlex for short): If a monomial ordering

on the n variables,

xtxg? . > a:’{‘a:gz...x’,’l" Sapt+ag+ ...+ a, >by+by+ ...+ by, or else

a4+ as+ ... +a, =b; + by + ... + b, and either a; > by, or a; = b; and ay > b, etc

(3) Graded reverse lexicographic order (grelex for short):

o x> ool o ar+ag+ .+ an > b+ by + .+ by, or else

a1+ as+ ... +a, =b; +by+ ... + b, and either a, < b,, or a, = b, and a,_; < b,_1, etc

(C 3).
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Example 1.4.

(1) With a fixed lexicographic ordering as follows,

b
Ty > Ty > > T, g a8zt > a2l ah

if (a; > by), or(a; = by and as > by, ) ,or (a; = by and az = by and a3 > b3) and
SO on.
Since a monomial ordering is a well ordering, every descending sequence of

monomials has only a finite number of monomials.

2> 02 > 120 > 122’ > > ay,

this terminates.
(2) flx1, 20,23) = 23xlal + 28a§ad + r1w0z3’.
Rewrite f(z1, 22 23) in descending ordering with respect to (w.r.t) lex, w.r.t

grlex and w.r.t grelex respectively.

T1,ToT3) = 22822 + 20272 + ryzori?. (wortlex).
, 1T273 12273 3

f(xy, zo.x3) = 22x3xs + 252573 + 2120057 (Wor.t.grlex).

f(@1, T m3) = 230325 + 112973 + 252533 (Wor.t.grelex).

An ideal I in K[zy,z,...,T,] is generated by a collection of polynomials

12




f17 ceey fT € K[Ilnya "'7xn]7

I=(fi,fa0s fr) = {Zhifi | hi € K11, 2, ,ﬂ?n]}

1=1

By the definition of the ideal, each f; is in I and by the closure under multi-
plication property, each f; times any polynomials h; would give us something

inl/

Definitions.

(1) With a fixed monomial ordering, the leading term of a polynomial f,
(denoted LT(f)) in K[z, ..., x,| is the monomial term of maximal order in
f.

(2) The ideal of leading terms;(denoted LT(I)) is the ideal generated by
the leading terms of all elements of I.

(3) A monomial ideal is an ideal generated by monomials.

Later, we will see how a different monomial ordering not only affects the
computational time, but also gives the different Grobner basis of the same

ideal.

For polynomials in one variable, by using the Division Algorithm, we get
f(z) = q(z) - g(z) + r(x). First we compute LT(f),/LT(g), if it is divisible

13



we get the quotient, say a, is added to g(x), then we subtract a; - g(z) from
the dividend. We reiterate until the degree of the remainder is less than the
degree of a divisor. If we extend this concept to the polynomials with many
variables, the only extension would be placing the LT'(f) into the remainder,
and do the process again until we get the zero dividend.

Note that for one variable, when LT(f) is not divisible by LT (g), we would

stop, because it already has been reduced.

1.3 General Polynomial Division Algorithm

A reduction algorithm reduces a polynomial to a polynomial which is smaller
with respect to the term ordering. A reduction modulo is very similar to gen-
eral polynomial division with respect to divisors, but the reduction modulo
is not necessary getting rid of the leading term. For example, let z > y be
the term ordering, and let f = x3y? + 4zy? — 6y> and g = zy + 5z, then

reduce f to a some polynomial modulo g using zy?.

A1 4 .
f—( =Y ) g =12y* — 6y° — 20zy
Ty

So we note that their leading term x®y? is still present. Thus we want a

general polynomial division algorithm.

14



General Polynomial Division.

With a fixed monomial ordering on K|zi, s, ...z,),let f be any polynomial
in K|z, Ty, ...z,] and {gi, ..., gm} be a set of polynomials.

We test whether LT'(f) is divisible by LT(g;) for any < = 1, ..., m, or not.
Step 1: If LT(f) is divisible by LT'(g;), then go to Step 2.

If LT(f) is not divisible by LT'(g;), for any ¢ = 1,...,m, then go to Step 3.
Step 2: Since it is divisible, (i.e.) LT(f) = a; - LT(g;), then add a; to the
quotient g;.

Replace f by the dividend f — a; - (g;). (So the new polynomial has a lower
order leading term).

Go to Step 1 to start the process over until the dividend is 0.

Step 3: Add the leading term of f to the remainder r.

Replace f by the dividend f — LT(f).

Go to Step 1 to start the process over until the dividend is 0.

When the process stops, we can write

f=qqan+ ...+ qmgm+7

Note that any non-zero elements of the remainder r are not divisible by any

LT(g:) (DW 320).
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1.4. Examples of General Polynomial Division
Example 1.5.
With a fixed monomial ordering z > y on Klz,y], let f = 2z%y* + bzy*
and ¢ = 3zy®. Then LT(f) = 2z*y* and LT(g) = 3zy®. The LT(f) is not
divisible by LT(g), so we go to Step 3. Add LT(f) = 2z*y® to the remainder
T

r = [2z%%]
Replace f by f — LT(f) = 2z2%y? + bz®y? — 2z'y? = 5x3y*. (Note that this
step gets rid of the leading term). And we start the process over. Now we
have 5z3y*, which is divisible by LT(g). So 5z*y* = (ngy) - (3zy®), with

) )
the quotient a = —z%y. Add §x2y to the quotient q.

3
-

Replace the new dividend 5x3y* — (gx2y> - (3zy3) = 0 Since we get a zero,

we are finished

r = [2z'y?] and ¢ = [gﬁy} .

Therefore,

5
f=2z"+52%" =qg+r= (§w2y> - (3zy®) + 22y

16



Example 1.6.

Now with a different monomial ordering, y > x, and the same example
f = 2z*y?+52%y* and g = 3zy®. LT(f) = 52%y* and LT (g) = 3zy3. LT(f)is
divisible by LT(g). So bz3y* = (ga:“?y) - (3zy3), with the quotient a = ga:2y.

5)
Add §z2y to the quotient gq.

q= Eﬁy] .

5)
Replace the dividend f = 2z%y? + 5x3y? — <§x2y> - (3zy®) = 2z'y2 And
we start it over Step 1. Now 2xy? is not divisible by LT(g), then we go to

Step 3. Add 2z*y? to the remainder.
r = [22%7).
Therefore

5
f=22"2 + 5% =qg+7r= <§x2y> - (3zy®) + 22y

Note that on the above two examples that changing the monomial ordering
on its dividend does not make any difference, because g is a monomial. If we

have g with more than one term, it would affect the answer, which we see in
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the following examples 1.7 and 1.8.

Example 1.7.

With a fixed monomial ordering = > y on K|z, y], let f = 2z'y?+ 5z*y* and
g = 3xy® — 42°.

LT(f) = 2z*y? and LT(g) = —42>. Step 1; LT(f) is divisible by LT(g),

1 , 1
(i.e) 2zty? = (—§$y2> - (—4x®). Step 2; Add the quotient a = —EazyQ to q.

Replace

: 1 3
f — 2z%y% + 5Pyt — (—gng) - (3zy® — 42®) = byt + §$2y5.

Since the new dividend is not zero, we go to Step 1. 5z%y*

is divisible by
LT(g).

. 5 5
Step2, we have 5xy? = (—Zy‘l) - (—42%), with the quotient a = ——y*, add

4
_ 1 2 54
o= [y ()]

Replace the new dividend f by

it to the quotient q.

. 3 ) . 3 15
f—a-g=>52%"+ §$2y5 — (—Zy‘l) - (3zy® — 42%) = 5:523/5 + Zazy'{.

18



gx2y5 is not divisible by LT(g). Go to Step 3. Add gx2y5 to r;

r= [gﬁy‘r’}
3 1 15
Replace f by the dividend f — LT(f) = §x2y5 - ZSxyf — gﬁy‘r’ = Zzgﬂ.

1 1
ZSxy7 is not divisible by LT (g),go to Step 3. Add ZSxyf to r;

3 15
r= l§x2y5 + ny7}

1
Replace f by the dividend %xzﬂ - Zngﬂ = 0. Stop the process.

13,25, 15 _ |1, 5 4
r—{2xy+4xy and q = 2xy+ 1Y .

Therefore

1 5 3 15
f =2z’ +52%y* = qg+r = <—§xy2 + (—Zy") ) -(3zy®—42®)+ (§x2y5 + Zmy7) .

Example 1.8.

Now we do it again with a different monomial ordering y > x on K|z, y|, and
the same example

f = 2z%? + 52%y* and g = 3xy® — 423

LT(f) = 5z%? and LT(g) = 3zy>. Step 1; LT(f) is divisible by LT (g),

19



) )
(i.e) briy* = (ngy) - (3zy?3). Step 2; Add the quotient a = ga:Qy to q.

-l

) 20
Replace f — 2z%y? + 523yt — (§x2y) - (3zy® — 423) = 22y + gx‘r’y.

Since the dividend is not zero, we go to Step 1.

22%y? is not divisible by LT (g). So Step3; add 2z%y? to r.

T = [23:4y2]
20 20
Replace f by 2z%y? + 31'5@/ —274y? = ?a:‘r’y.

20 20
Ew‘r’y is not divisible by LT(g), so Step 3; add 33:531 to 7.

20
T = [2x4y2 + gw‘r’y} .

2
Replace f by 2—??:1:53/ — —39:1:5y = 0. Stop.

Therefore

5 20
f=2z"+52%y ' =q-g+7r= (§x2y> (3zy® — 42%) + (2x4y2 + Ea:‘r’y) .
As we expected, we found two different ways to write for the same polynomial.
Now what if we have more than one divisor, say, ¢; and g, as in
examples 1.9 and 1.10. We will examine the effect of changing the order of

divisors.
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Example 1.9.
f=22%%%+5xyand g; = z?y? + 1 and go = z + .
(Term ordering x > y and divide by ¢; first and by g» second).
LT(f) is divisible by LT(g;), (i.e.) 2z*y? = (22?) - (z%y?). Add the quotient
272 to the quotient q;.

q = [22°].
Replace f by 2zy?+5zy —(22?) - (z?y*+ 1) = 5zy—2x°. — 222 is not divisible
by LT(g,), but it is divisible by LT(gs); (i.e.) —2z% = (—2x)-x. So —2z goes
to @s.

g = [—2x].
Replace the dividend by 5zy—22%—(—2z)-(z+y) = 7zy. Tzy is not divisible
by LT(g1), but it is divisible by LT(gs);
(t.e.) Txy = (Ty) - x.
So Ty is added to gs.

@2 = [—2z + Ty]
Replace the dividend by

Tzy — (Ty) - (z+y) = —Ty°.

—Ty? is not divisible by either LT (g1) or LT(g2),s so add —7y? to r.

21



Thus, r = [~7y?] . Replace —7y* — (—7y?) = 0. Stop.

Therefore

f =22’ +52y = q1-g1+qo-go+1 = (21:2)-(w2y2+1)+(—2x+7y)‘(a:+y)—7y2.

How about changing of order between ¢; and g9, meaning first divide by g,
and then by ¢;? Are they going to affect the answer? The answer is “Yes”.
We can predict that division using a different order of the divisors (g; and
g2 in these examples) would have the same effect as when the quotients and
the remainders are different when changing the monomial order.

Thus we need a tool to get a unique remainder, which would be a Grobner
basis in Chapter 2.

Example 1.10.

f = 2z%?+5xy and ¢g; = z?y?+1and g, = z+y (Term ordering z > y and use
go first and then g;). LT(f) is divisible by LT (g2), (i.e.) 2z%y? = (22°y?)-(x).

Add the quotient 2z3y? to the quotient go.
g = [22%y°]

Replace f by 2zty?+5zy — (223y?) - (z+y) = bzy — 223y>. —22°%y7is divisible
by LT(g2).

22



(i.e.) — 2233 = (—22%°) - .
g2 = [2x3y2 — 23:2y3] .

Sy — 2x3y® — (—2x%y3) - (z +vy) = bzy +2z%y*. 2z%y* is divisible by LT(g,),

(i.e.)2xy? = (2zy?) - .
Q2 = [2$3y2 —22%° + 2:cy4}

Replace 5ry + 2x2y* — (2zy?) - (z + y) = By — 2xy°. —2z9°is divisible by
LT(92>>

(i.e.) —2xy’ =(—2¢°) -z

Q2 = [23:33/2 — 22%y® + 2zt — 2y5]
Replace to by — 2zy° — ( —2¢°) - (z + y) = dSzy + 215
Szy is divisible by LT(gs), (i.e.) bzy = ( 5y) - x

Q2 = [2m3y2 — 22%y% + 2zy? — 2% + 5y] .
Replace to

ey +2y° — (5y) - (¢ +y) = 2y° — 5y°.
2% is not divisible by LT(gy) or LT(g;). So add 2y° to r.

T = [2y6] .
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Replace to

6 2 6

—2y° = —5y°

2y” — by

—5y? is not divisible by LT(gs) or LT (g;).. So add —532 to 7.
r= [2y6 — 5y2] .

Replace to —5y% — 5y? = 0. Stop.

Therefore

f =2z +52y = q1-g1+qo-gotr = (2x3y2—2x2y3+2xy4—2y5+5y).(:L‘+y)+(2y6 —

1.5 Euclidean Algorithm

The computation of Grobner Bases is analogous to the Euclidean Algorithm.
We use the Euclidean Algorithm, to get a greatest common divisor of any
two integers a and b by iterating the Division Algorithm. If a,b € Z, then

we get a sequence of quotient (¢;) and remainders (r;) as in followings.

a:qob + 719
b=qro+ 7

To = a1 + T2
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Th—2 = qnTn-1 + Tn

Tn-1 = qnt1Tn + 0

We note that the GC D(a, b) is a linear combination of a and b, and GCD(a, b) =
rn (DF 5).

So for example, let a = 12345 and b = 6789.

12345 = 1(6789) + 5556
6789 = 1(5556) + 1233
5556 = 4(1233) + 624
1233 = 1(624) + 609
624 = 1(609) + 15

609 = 40(15) + 9

15=1(9) +6
9=1(6)+3
6=2(3)+0

GCD (12345,6789) = 3
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It is very interesting to note that computing Grobner bases for one variable
polynomials is a generalization of Euclidean Algorithm. Notice that in this
Euclidean Algorithm, each procedure gets strictly smaller, so this process
terminates. Also in computing Grobner Bases, the procedure gets strictly
smaller with respect to the monomial ordering, and will terminate when the

all remainders are zeros, which we will see in Chapter 2.

Chapter 2.
Grobner Basis

Austrian Mathematician Bruno Buchberger first invented the concept of
a Grobner basis, named after his dissertation advisor Wolfgang Grobner in
1965, when he was given the problem of finding a linearly independent basis
for the residue class ring modulo an arbitrary polynomial ideal given by
finitely many generators.
2.1 Definition of a Grobner Basis

Definition.

In K[zi,...,2y,], a set of generators {gi,..., gm} of I whose lead monomials
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generate LT (I) is called a Grobner basis of I.

I=(g1,....,9m) and LT(I) = (LT(g1), ..., LT (gm))-

i.e. every element in [ is a linear combination of the generators.

Before we learn how to construct a Grobner basis from a given ideal, we
want to know whether a given set of generators is a Grobner basis or not.
Example 2.1.

Fix a monomial order (z > y), and I = (z3y + x, 2% + y) then in I, we can

have a polynomial

f=@Ely+az) (9’ +y) =z -9
but LT(f) = x cannot be generated by either LT (z3y+1x) = 23y, or LT (23 +
y) = z°, because that is cannot be written as

f1(Z%y) + fo(z?), where fi; € K[z,y].

So I = (z% + z,2° + y) is not a Grobner basis. Consequently we would
like to know how to compute a Grobner basis for /. Before we compute a
Grobner basis, how do we know that a Grobner basis always exists for any
1?7
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Remark (Existence of Grobner Basis)
Any ideal I has a Grobner basis.
Proof: By the Hilbert Basis Theorem, any ideal I’ in K[z, 2o, ...x,] is

finitely generated;
I'= (fb 3 fr)aWhere fz € K[:Ehl'g, .’L’n]

The proof of Hilbert Basis Theorem is in (DF 316).

Thus LT(I) is also finitely generated.
(LT(I)) = (h1, ..., hy).

Choose any g; in I whose lead monomial is h;.

Claim: {g;} is a Grobner basis. Given m € I, divide m by {g1,..., gr};

m= fig1 + ...+ frgr +rEm

Assume there is a remainder. Since all g;s are in I, then all f;g;s are in [
too, by the sticky property of the ideal. Also since m is in I, the remainder
has to be in I. Then the lead monomial of the remainder is divisible by g;.
It contradicts the assumption. Therefore, the remainder is zero, and we can
write it in the form of

m= fig1 + ... + frgr
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Since m is any arbitrary polynomial in I, and the remainder of m on division

by {91, ..., g-} is zero, then {g1,..., g-} is a Grobner basis. Done.

Buchberger’s algorithm is used to construct a Grobner basis from an arbi-
trary generating set by using S-polynomials and polynomial reduction mod-
ulo. In the S-polynomials, ”S” refers to subtraction. The basic concept of

S-polynomials is similar to the following elementary arithmetic.

Example 2.2.
f1 =2, fo = 3 we want to make f; and f, cancel out to zero by manipulating
the other factor of their least common multiple. We make fiand fo equal by

using the other factor of its own LC'M’s, that is

2-3 32
f]——>72:323ndf2——>T3:23

and we take the difference. Now we get a zero. Note how we get a zero as

follows;
o LOM( ) o LCMULF)
fi f2
LCM(f1, f2) .,  LCM(fi,fo)
— i )2
fi f2
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that is what S-polynomials do!

2.2 Buchberger’s Algorithm

The following criterion gives an algorithm to detect Grobner bases, and sug-
gest what to do when we do not have a Grobner basis (C 8).

Buchberger Criterion.

A basis {g1, ..., gu} C I is a Grobner basis of I (denoted G), if and only if the

remainder of S(g;, g;) on division by G is zero for all ¢, j. We denote that
S(9i,95) = 0modG.

The proof of this Buchberger Criterion is in (DF 324).

S-Polynomials.
Let f; and f, be monic polynomials, and f1, fo € K|[z1, Z2, ...z,]. The S—polynomial

of f1, fo € K[z, ..z, is defined to be

M M

SR = (e T T )

f27

where M = LCM(LM(f;), LM(f2)) and LM(f;) is the leading monomial
of f; (BW 19).
Although in this S-polynomial, we use f; and f, as monic polynomials, in
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general, the difference between LM(f;) and LT(f;) is that LM(f;) is the
leading term LT(f;) with the coefficient removed, making it a monic, where

LT(f;) is not necessarily monic.

Buchberger’s Algorithm.

Let G = {fi1,.... fs} C K[z1,..., Ty].

Step 1: Compute remainders of S(f;, f;) on division by G, for all f;, f; € G
with 7 < j.

Step 2: If the remainder of S(f;, f;) on division by G for all f;, f; is zero,
then G is a Grobner basis. So return G. Stop.

Step 3: If the remainder of S(f;, f;) on division by G for any f;, f; is not zero,
then append the remainder to G. So G is increased by additional polynomial,
which is another set of generators. Continue with Step 1.

Reiterate these steps, until the remainders of S(f;, f;) on division by G are
all zeros Then return G.

This algorithm will terminate after finitely many steps. It returns a Grobner
basis G (C 8, KR 123).

Not only the proof of Buchberger’s Algorithm, but also the optimizations of

Buchberger’s Algorithm are in ” Computational Commutative Algebra 1”7 by
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Kreuzer in 2000.

Example 2.3.

Let fi = 2’y + 5zy and fo = 2 + 52%y? — z be polynomials. (Fixed term
ordering = > y).

LT(f1) = z*y, and LT(f;) = 5x2y>.

So M = LCM(LM(f,), LM(f,)) = z°y>.

M M
S(fhf?) — LT(fl)fl - LT(fQ)f2
PP, 25y ) -
= 7y (x’y + dry) — TN (z° + bz’y® — )
1 1
= 2°y* + bay® — gw3 — 2y + ng
1. 1
= bry? — g:r“ + ng.

So the S-Polynomials get rid of the leading terms while combining f; and fs,
but we note that LT (5zy® — {2 + 12?) = —12% is not divisible by LT(f;)
or LT(f,). Therefore f1, fo are not a Grobner basis of < fi, fo >.

Generally we can tell if it is a Grobner basis or not by using S—polynomials.
Still we have not completed the Buchberger’s Algorithm, because we don’t
have a Grobner basis of < f1, fo > yet.

We continue with Example 2.4.
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Example 2.4.
Let’s use the same polynomials as in Example 2.3 above F = {fi, fo},
where f; = 2%y + by, fo = 2% + bx?y® — z.
Step 1: We compute the remainder of S(fi, f2). We computed it as in the
above example 2.3 :

1 1

5xy? — 53:3 + 53:2

Since we have a non-zero remainder, go to Step 3. Let the remainder be f3,s0

5 = bay? — 12° + 122 and add f3 to Fy. Thus we have
5 5

1., 1
Fy=A{f fa, fs} = {xBy + 5ay, 2* + baty® — x,51y® — ga:“ + g:z:Q} .

Step 1: Do the reduction again to compute the remainders.

Now LT(fs3) = —+xz* is divisible by LT(fs), so the remainder is zero.

S(fl,fg) = 0m0dF1 (by fg)

Check the remainder of S(fi, f3) ,and S(fs, f3)on division by Fj.

2y, . 3y , 1., 1,
S(f1, f3) = :L"Ty(z Y +5zy) — Q(&?y —gx + gx )

1 1
= 2%y + Szy + 5y(5xy2—gx3 - 53:2)
= 2%y + 5zy + 25z — 2%y + 2%y

= 5zy + 25zy° + z2y.
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Step 3: Since LT (5zy + 25zy> + x2y) = x?y is not divisible by any LT'(f;)

for 1 = 1,2, 3, we let the remainder by f4
f4 = bzy + 26zy° + 2.

And let Fy = {fi, fo, f3, fa}. Then the remainder of S(fi, f3) is now divisible

by f4

S(flv f3) = Omod FQ (by f4)

Step 1: We still need to check the remainders of others;

v

3,,2 xBy £E3 1.2

'y
S(fa, f3) = Kng(x2 + 52%y? — 1) — —3 (5zy® — = + g)
5
= 1:v(ac2 + 5162y2 —z)+ 5y2(5xy2 — _3 4 $_2)
5 5 5

1 1
_ 53:3 T 5x2 1 25yt — 2%y + 22°

1 1
= ga:3 — 51“2 + 25zy* + x%y°
Ls 1.2 4, .22 Logi g
We have LT(Sx — s2% + 25zy" + 2%y?) = £ Is divisible by LT(f3), so

reducing,
1 1, 4, .22
£ +25zy" + 2%y° | + (fs)
1 . 1 1 1
= (—5—333 — 5332 + 25zy* + x2y2) + (5:1:@/2 — g:c?’ + SxQ)

= 252y + 5ry? + %y?
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Now LT (25xy* + bzy? + 2%y?) = z%y? is divisible by LT(f,), so keep reduc-
ing,

(f2)

(25zy* + bzy® + 2%y*) — %

= (25zy" + 5zy” + 2%y?) — é (z* + 5z*y* — )

1 1
= 25:1:y4 + 5:1cy2 - garg + 5:1: mod Fy

Step 3: Since LT (25zy* + 5xy? — %xz + %a:) = —%az2 is not divisible by any

LT(f;), let it be fs;

1 1
fs = 26zy* + bry? — —2? + —7

) 5
F3 = {f1>f25f35f4)f5}

S(fg, f3) = 0 mod F3(by f5)

Step 1: Since the previous zero remainder is still zero, we need to check

S(f27f4)aS(f2af5)7S(f3=f4)’8(f37f5)7‘s(f47fS)vs(flaf4) and S(fl,fS)

x2y? 2 2.2 2y? 3 2
S(fa, fa) = 522y (z° +5z%y" —z) — 2y (5zy + 25xy” + z7y)
1
= 5(3:2 + 52%y* — 2) — y(5zy + 25xy° + 2%y)
Lo oo 1 2 4,22
=T +zy —g:r—Sxy — 20zy" — 2y
1 1
= 5:172 — g:r — 5zy? — 25xy*
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Thus, whenever, the remainder of S-polynomial on division by Fj is not zero,
then we add this remainder to the basis Fj;; and do all over again. Note
that once we get the remainder is zero, then add it to a Grobner basis and
don’t compute again (DF 325). In this example, if we keep calculating by

using this algorithm, we would have

Fy={f, fo, f3, fa, f5, fo}
= {x’y + bxy, 2* + 5x2y? —

1 1
Sry? — gxs + garz, 5xy + 25xy° + 2y,

1 1
25xy? + 5ry® — ng + gx,

1252y° + 50xy® + 6y} .

Now, we have a very large Grobner basis, so we need to reduce it.

2.3 Properties of Grobner Bases.

Definition. Given a monomial ordering on R = F|[zy,...,z,], a Grobner
basis {g1, ..., gm} for ideal I in R is called a reduced Grobner basis if no
term in g; is divisible by LT(g;) for j # ¢, and LT (g;) is monic for all i (DF

326)
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How do we simplify to a reduced Grobner basis?

First we replace each g; with its remainder on division by gy, ..., gm, then
discard any remainders that are zero.

Second, whatever left, make their coefficients of leading terms monic (C 9).
Thus, we get a reduced Grobner basis by inter-reducing it, within the Grob-

ner basis.

Example 2.5.

From the above example 2.4

F4 = {flana f3af4af5af6}
= {2*y + bxy, 2° + 5x?y? — 1,

1 1 .
Sry? — 5x3 + ng, 5zy + 25zy° + %y,

1 1
25zy* + bry? — 52:2 + ga:,

125zy° 4 50zy® + 62y}
First we replace each f; with its remainder.
4 o2 Lo 1 5 3
G =10,0,0,0,25zy" + bxy” — —x° + —x, 125zy° + 50zxy” + b6xy

S S

Second, get rid of zeros, and make a monic leading term, so we get a reduced
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Grobner basis as follows:

2 6
= |2 — 125zy" — 2501® — x, 2y® + 2y’ + —-ay| .
G x Sxy Ty  —z,2Y +5xy +125a:y

Theorem (Uniqueness of Remainder of a Grobner Basis for I )

Fix a monomial ordering on K|z, ...,z,| and let {g;.. g} be the Grobner

.....

basis for the ideal I in K[z, ..., x,]. Then every polynomial f € K[z, ..., 2,]

can be written uniquely in the form

f=fi+r

where f; € I and no monomial term of the r is divisible by any LT (g;) ( DF
321).

Proof

For any f € Kz, ...,xy],Divide f by {91,..9m}- f = @101 + @292+ ... + @Gm + 7

So fr=aqig1 + @292+ ... + Gmgm € 1

where no term of remainder is divisible by any of the leading monomials of

any gi.

Note that q191 + g292 + ... + ¢ngm Will be unique if the remainder is, because

(G191 + @292 + .. + Qugm| = f — 7
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Assume that the remainder is not unique.

f=aq +q@g+ ... +aqmgm + 171
f=hig1 + haga + ... + hingm + 72
f—f=0
= [q191 + @292 + . + @mGim] — [h191 + hoga + .. + iG]
+71— T2

Since f € I,([q191 + G292 + --- + @mgm] — [P1g1 + h2ga + ... + hmgm]|) € I, 71 — 12 € 1.

If [ry — 7o) # 0, since r; — 79 € I, the lead monomial of [r; — 73] is divisible
by the lead monomial of someg;. This contradicts the assumption. Therefore

[ry — 72) = 0, and 71 = rg, so it is unique.

Theorem (Uniqueness of a Grobner Basis)
Every ideal I has a unique reduced Grobner basis.
A proof can be found in (DF 326), which is based on the fact that two re-

duced bases have the same number of elements and the same leading terms.
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Chapter 3
Other Algorithms for Grobner Bases.

Although the Grobner basis theory is very powerful, its computation can
use a lot of computer power. Thus, there are some modified versions of the
Buchberger’s Algorithm, to compute a Grobner basis more efficiently. The
following Buchberger-Moller Algorithm (abbreviated B-M Algorithm) is one
of them, which is in the article “Computing Ideals of Points”, by Abbott et
al. (AB 343).

3.1 Buchberger-Moller Algorithm

Definitions. Let I be the ideal, the additive cosets of R, /I form a ring.

(a+D)+b+1)=(a+b) +1

(a+1I)x(b+1)=(ab)+1

This ring of coset is called the quotient ring of R by I = ker and denoted
R/I (DF 242).

For example, let K be a field, and consider K[z], /I, and let I = (f(z)) =
{g(z)f(x) | g(x) € K[z]} . By the Division Algorithm, every polynomial h(z) €

K{z] can be written uniquely in the form



where the remainder is r(z), and the degree of r(x) is strictly smaller than the
degree of f(x), at most one less than the degree of f(z) Since q(z)f(x) € I
(by ideal’s sticky property), every element of the quotient is represented by

r(z) (DF 390). Thus a basis for this quotient ring K[z],/ I will be

[1,5, 2

B-M Algorithm. Let o be a term ordering on K|, ...,7,] and let P, =
(Pity -, Din) € K" fori=1,...,s.

Step 1: Start with G = [],Q =[],S =[], L =[1] and a matrix M = (m;;)
with all zeros in rows and s columns.

Step 2: 1If L is not empty, then the smallest element of L, say ¢, according
to the ordering o, delete t from the list L, and go to Step 4.

Step 8: If L is empty, then return [G, Q] and stop.

Step 4: Compute the evaluation vector (¢(p1), ..., t(ps)) and reduce it against

the rows of M.

(U1, ey 05) = (H(P1)y - t(ps)) — Zai(m”, ...,M;s) where a; € K.

Step 5: If (vq,...,v5) = (0, ...,0) then attach the polynomial t — 3. a;(.S;) to
the list G, where S;is the i** element of S. Remove from L all multiples of .
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Go to Step 2.
Step 6: If (vq,...,vs) # (0, ...,0),then attach (vy,...,vs) as a new row to M,
and attach t — )", a;(S;) as a new element to S. And attach ¢ to @ and add
those elements of {zt, ..., x,t} which are neither multiples of an element of
L nor of LT(G) to L. Reiterate with Step 2.

Note that the B-M algorithm returns () as the quotient basis and G as

the Grobner basis of a vanishing ideal of points P; = (pi1, ---, Pin)-

Example 3.1.

Let K be a field, let n = 3, and let ¢ be a term ordering x; < x5 < z3. Let
the points be P, = (1,2,3), P, = (4,5,6). Let G=1[],Q@=1[],5 =], and
L =[1]. Since the smallest element of L; t = 1, by Step 2, delete 1 from L.
Step 4: The evaluation vector (¢(P)),t(P)) = (1,1), and reduce it against
the rows of M, but M is now empty, so (1,1). Step 5 is skipped and Step 6,

add (1,1) as a new row to M

v-[s]

and add 1 — )", a;s; to S, but now we have an empty S, so add 1 to S.

S = (1]
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Attach the power product t to @,

Q =1]

Add elements {x;, z9, 3} to L, since they are neither multiples of an element
of L, nor of LT(G).

L - [‘Th T, I3]
Continue with Step 2. Now t = x1, so delete it from L;
L= [3327 »T3]

Step 4, the evaluation vector (t(P;),t(Ps)) = (z1(P1),z1(FP2)) = (1,4) and

reduce it against the rows of M.

Since (0, 3) # (0,0), by Step 6 add (0, 3) as a new row to M

M:
0 3

and z; — ), a;5; to S, S has 1, so include z; — 1 as a new element of S.
S = [1,1’1 — 1]

Attach t = 7 to Q;

Q= [1,$1]
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and add to L those elements of {z1t, xot, z3t} = {3}, zox1, T371 }which are

neither multiples of an element of L nor of LT(G). It would be {z7},
L = [23, 2o, 3]
Continue with Step 2: t = z2,
L = [zg, x3]

Step 4, the evaluation vector (t(P),t(P)) = (z3(P),z3(P)) = (1,16) and

reduce it against the rows of M.

Since it is (0, 0), by Step 5 attach 22 — 3", a;s; to list G, since s; is 1™ element

of S; S has 1 and z; — 1,50
23— (1-(1)+5 (z; — 1)) =27 — 5z, + 4
is appended to the list G.
G = [z} — 5z, + 4]

Remove from L all multiples of ¢, don’t have any. Again, start with Step 2,
t= T,
L= [.’173]
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Step 4, the evaluation vector (t(Py),t(P2)) = (22(P1),z2(P,)) = (2,5) and

reduce it against the rows of M.
(2,5) —2(1,1) — 1(0,3) = (0,0)
Since it is (0,0), by Step 5 attach zo — > . a;s; to G, S has 1 and z7 — 1,50
zo—(2-(1)+1-(z;—-1) =29 — 27 — 1
is appended to the list G.
G=[22 -5z, + 4,20 — 11 — 1].
Remove from L all multiples of ¢, don’t have any. Start with Step 2, t = x5,
L=[]

Step 4, the evaluation vector (t(Py),t(P2)) = ((z3(P1), z3(P2))) = (3,6) and

reduce it against the rows of M.
(3,6) — 3(1,1) — 1(0,3) = (0,0)
Since it is (0,0), by Step 5 attach z3 — ) . a;s; , S has 1 and z; — 1,s0
z3—B-()+1-(x;7-1) =23 —x1 —2
is appended to the list of G.

G = [xf—5a:1+4,x2—a:1—1,x3—a:1—2].
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Go to Step 3, since L = [ |, we stop. So the reduced Grobner basis of a

vanishing ideal of points is
G = [I?—E).’El +4,.’II2—.’II1 - 1,I3—$1 —2]
and the list of power products is (), which is the quotient basis.

Q = [1,.’1)1]

Now we use the algorithm to find the ideal of polynomials for three points.

Example 3.2.
Let K be a field, let n = 3, and let ¢ be a term ordering x; < o < x3. Let
the points be P, = (1,2,3), P, = (3,4,5), P = (2,3,4). G =[], Q =[], S =
], and L = [ 1 ]. Since the smallest element of L; ¢t = 1, by Step 2, delete 1
from L.

L=1]
Step 4: The evaluation vector (t(Py),t(Ps),t(P3)) = (1,1,1), and reduce it
against the rows of M, but M is now empty, so (1,1,1). Step 6, add (1,1, 1)
as a new row to M

M = { 111 ] ,

and add 1 — )", a;s; to S, but now we have an empty S, so add 1 to S.

S =[1].
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Attach the power product t to @,

Q=]

Add all elements of {z1,z2, 23} to L, since they are neither multiples of an

element of L, nor of LT(G).

L= [331,172,173]

Continue with Step 2. Now t = z;, so delete it from L;

L= [1’2, 373]

Step 4, the evaluation vector (t(Py),t(P),t(Ps3)) = (z1(P1), 21(Py), z1(FP3)) =

(1,3,2) and reduce it against the rows of M.

(1,3,2) — 1(1,1,1) = (0,2, 1)

Since (0,2,1) # (0,0,0), by Step 6 add (0,2,1) as a new row to M

and z; — ), a;5; to S, S has 1, so include z; — 1 as a new element of S.

S = [1,1’1—1]
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Attach t = z; to Q;

Q=1,z4]

and add to L those elements of {z1t, xot, T3t} = { 2%, zox1, x321} Which are

neither multiples of an element of L nor of LT(G), so it would be {z?},
L= [33%,932,333]

Step 2: t = x2,

L = [z, z3]

Step 4; the evaluation vector (t(Py),t(Ps), t(Ps)) = (z2(P), 23(Py), 22(P3)) =

(1,9,4) and reduce it against the rows of M.
(1,9,4) — 1(1,1,1) — 4(0,2,1) = (0,0, —1)

Since it is (0,0, —1) # (0,0, 0), by Step 6 add (0,0, —1) as a new row to M

0 0 -1

and 23 — )", a;s; to S, 23 — 421 + 3 as a new element of S.

S =[l,r; — 1,23 — 4z, + 3].
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Attach t = z? to Q;
Q = [1711717‘7“‘%]

and add to L those elements of {z1t, zot, z3t} = { 23, z9x? x323}which are

neither multiples of an element of L nor of LT(G), so it would be {z3},
L= [Ii’,$2,$3]

Step 2: t = 3,

L= [fL‘Q, .’L’3] .

Step 4, the evaluation vector (¢(P)),t(P,), t(P)) = (23(P), 23(Py), 23 (%)) =

(1,27,8) and reduce it against the rows of M.
(1,27,8) — 1(1,1,1) — 13(0,2,1) — 6(0,0,—1) = (0,0, 0).
Since it is (0, 0), by Step 5 attach z} — >, a;s; to G, ,s0
3 —1-(1) =13+ (z1 — 1) — 6 (] — 4zy +3) = 2% — 62% + 11z, — 6
is appended to the list G.
G = [z} — 6] + 11z, — 6] .
Remove from L all multiples of ¢, don’t have any. Start with Step 2, t = o,

L= [1133]
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Step 4, the evaluation vector (¢(P)), t(P),t(Ps)) = (22(P1), zo( Ps), x2(P3)) =

(2,4, 3) and reduce it against the rows of M.
(2,4,3)—2(1,1,1) — 1(0,2,1) — 0(0,0,—1) = (0, 0,0)
Since it is (0,0,0), by Step 5 attach z; — ) . a;s; to G, so
3—2-(1)—1-(z1—1)—0(2} -4z, +3) =2y — 21— 1

is appended to the list G.

G = [z} — 62} + 1121 — 6,20 — 21 — 1]
Remove from L all multiples of ¢, don’t have any. Start with Step 2, t = x3,

L=[ |

Step 4, the evaluation vector (¢(P;), t(P),t(P3)) = (z3(P1), 23(Ps), 23(P3)) =

(3,5,4) and reduce it against the rows of M.
(3,5,4) —3(1,1,1) — 1(0,2,1) — 0(0,0,-1) = (0, 0,0)
Since it is (0,0,0), by Step 5 attach z3 — >, a;s; to G, so
23—3-(1)=1-(z;—1)—0(z] —dz1+3) =23 — 2, — 1
is appended to the list G.

G = [$§—6xf+11x1—6,x2—x1—1,333—3:1—2}.
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Go to Step 3, L is empty,so stop and return.

G = [x‘;’—fo%—ll:Ul—6,x2—3:1—1,x3—:1:1—2].
Q: [171‘171’%]

3.2 Generalized Buchberger-Moller Algorithm.

Now our goal is to compute a Grobner basis of the intersection of ideals,
whose zero sets are a finite number of points, where each ideal is represented
by a normal form vector map. So we will need to define the normal form
vector map, and show that intersection of ideals of K, is an ideal of K.
Definition.

Let I be a zero-dimensional ideal in P, let 7 : P — P, and let p =
dimy(P,/I) and Q = (#1,1,,...,) be the basis of P,/I as a K-vector space.

The vector (as,...,a,) € K* such that
7T(f) = alfl + agzg + ...+ a,jy,

is called the normal form vector of f with respect to @ and denoted
NFV(f).
NFVg: P — K"
(AK 34).
Proposition. The intersection of ideals of P of a ring R is an ideal of P.
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Proof:

Let {I;,i =1,...,7} be ideals of P.

We need to show that the ideal (T] I; has some properties; subring, closure
i=1

under multiplication properties, and sticky property.

(Subring property): Since each I; is an ideal of K, it is a subring of K (by
the definition of an ideal).
r
Let a,b € ﬂ]i, means a, b € I; for all q.
i=1

Since each I; is a subring,

a+ba—>be I, for all 7.

(Closure under multiplication):

r

a,be (L

=1

Vi, a,b € Iz
Vi, ab € Ii
r
1=1
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(Sticky Property):

Since each I; is a subring, Va € I;,r € R, both ra,ar € I; foralli =1, .., 7.

Va € h]i,re R, both ra,ar € hli )

i=1 i=1
Done.

There have been many efforts to make improved versions of Buchberger’s
Algorithm, especially in special situations. The following Generalized B-M
Algorithm is used for computing a ideal of an intersection of finitely many
ideals by using normal form vector maps. The Generalized B-M Algorithm is
presented in the article, " Computing Zero-Dimensional Schemes” (AK 37).
Generalized B-M Algorithm.

Let o be a term ordering on K|z, ..., Zy] .

Step1: G=[],Q=][],, L=]1]and a matrix M = (m;) with all zeros in
rows and s columns.

Step 2: If L is not empty, then the smallest element of L, say t, according to
the ordering o,

delete t from the list L, and go to Step 4.

Step 3: If L is empty, then return |G, Q] and stop.

Step 4: Compute the vector v =NFVg, (t)+..+ NFVy(t) € K* and reduce
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it against the rows of M.

vi=v — Z a;m; with a; € K and where m; is the ith row of the M.

Step 5: If v* = (0, ...0), then attach the polynomial ¢t — . a;t; to the list G,
where t; is the i power product in the list Q. Go to Step 2.

Step 6: If v* # (0,...,0),then attach the vector v as a new row to M, and
attach ¢ to . And attach those elements of {xt,...,x,t} which are neither
multiples of an element of L nor multiples of LT(G) to L. Go to Step 2 (AK
37).

Example 3.3.

Let K be the field, and o be the term ordering x; < x5 < z3.

Let one set of points be P; = {(1,2,3),(3,4,5),(2,3,4)}, and another set of
points be P, = {(1,2,3),(4,5,6)}.

From B-M Algorithm, we calculated a Grobner basis for the vanishing ideal

of three points;
Gy = [2] — 627 + 11z, — 6,30 — 21 — 1,25 — 21 — 2] .
and a Grobner basis for the vanishing ideal of two points;
Gy = [:z:f— b1 +4, 20— 21 — 1,23 — 11 —2}
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Note that
NFVg, = [T, I, :c_ﬂ
NFVg, = [1,71].
G=1[],Q=[],S=]],and L =[1]. Since the smallest element of L; ¢t = 1,

by Step 2, delete 1 from L.

L=[]
Step 4: Compute the vector

v=NFVg (L )NFVg,(1)

= (1,0,0,1,0)
Reduce it against the rows of M, but now we have M with zero row and
columns.
Thus

Vi=v — Zaimi =(1,0,0,1,0).

Since v* = (1,0,0,1,0) # (0,0,0,0,0), we go to Step 6; add v = (1,0,0,1,0)
as a new row to M

M = [ 10010 ]
and add 1 to @

Q=1[1.
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and attach {z;-1,z,- 1,231} to L, since they are neither multiples of an

element of L nor multiples of LT(G),
L = [xla T2, *,I:3]'
Go to Step 2, t = z;, according to the ordering, delete ¢ = z; from the list
L;
L= [1'2, III3].

Step 4: Compute the vector

v=NFVg (21 NFVg,(x1)

=(0,1,0,0,1)

and reduce it against the rows of M.

But we have an already reduced form:
v=v-)Y am; =(0,1,0,0,1).

Since v* = (0,1,0,0,1) # (0,0,0,0,0), go to Step 6; add v = (0,1,0,0, 1)as

a new row to M

10010

01001
and add z; to Q

Q=[1,].
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and attach {x; - 21,29 - 21,23 1} to L, if they are neither multiples of an

element of L nor multiples of LT(G), but only z? is the case;
L = [22, 29, x3).
Go to Step 2, t = z?, according to the ordering, delete t = z? from the list
L;
L = [x9, z3).
Step 4; Compute the vector

v =NFVg, (23)@PNFVg,(x?)

Note that N FVg,(x?) is not formed by the basis NFVg, = [T, x_l] , but we
can normalize from the Grobner basis
(z] — 5z +4) € I so the cosets of
(z3) and (—4 + 5x;) are equal
v = NFVg, (2])@NFVg,(2})
=(0,0,1,-4,5)
reduce it against the rows of M.

Thus

vi=v-)Y am; =(0,0,1,—4,5).
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Since v* = (0,0,1,—4,5) # (0,0,0,0,0), go to Step 6; add v = (0,0,1, -4, 5)as

a new row to M

100 1 0
M=1010 0 1

001 —45

and add z? to Q

Q: [1,.721,1‘%].

and attach {x; - 2%, x5 - 22,23 - 22} to L, if they are neither multiples of an

element of L nor multiples of LT(G), but only 23 is the case;
L= [.’E?, T, ZI)3].

Go to Step 2, t = z3, according to the ordering, delete t = 23 from the list
L;

L = [1‘2, .’Eg].

Step 4; Compute the vector
v =NFVg, (23)@NFVg,(z3)

Note that NF Vg, (z3) is not formed by the basis NFVg, = [T, Z7, :c_%] , but
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we can normalize from G;

3 — 622 + 11z, — 6

—>:v:f =6—11x +6xf,

Also NFVg,(23) is not formed by the basis NFVg, = [I,Z7], but we know

that

zf—5x1+4
— 1? = —4+ 51,
xy- 22 =11 (—4 + 51;)
13 = —4r; + 513
73 = —4z; + 5(—4 + 5z4)

3 = —20 + 21z,

v = NFVg, (£3)@NFVg,(z})

= (6,—11,6,—20,21)

reduce it against the rows of M.
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Thus

vi=v-— Zaimi
— (6,—11,6,—20,21) — [6(1,0,0,1,0) — 11(0,1,0,0, 1)
+6(0,0,1,—4,5)]
= (0,0,0,—2,2).

Since v* = (0,0, 0,—2,2) # (0,0,0,0,0), go to Step 6; add v = (6, —11,6, —20, 21)

as a new row to M

L6 -11 6 =20 21

and add z3 to QA

Q = [17:61’1'%7‘7:?]'

and attach {x; - 23,2y - 23,25 - 23} to L, if they are neither multiples of an

element of L nor multiples of LT(G), but only z7 is the case;
L = [z7, 29, 23).

Go to Step 2, t = 2%, according to the ordering, delete ¢ = ] from the list
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L = [$2a x3]'

NFVg, (z}) is not formed by the basis NFVg, = [T, Z7, ;ﬂ , but we can

normalize from G,

x:{’—61‘?+11x1 —6
— 23 =6 — 1121 + 622
1y 2t =2y - (6— 1lz) +622)
2t = (621 — 1127 + 627)
ot = (631 — 11} + 6 (6 - 112, + 623))

z} = (36 — 60z, + 2527)

Also NFVg,(x1) is not formed by the basis NFVg, = [T, x_l], but we know

61



that

z} — br; +4
— 22 = —4 + 51,
o 22 = (=44 521) - (—4 + bxy)
2} = (16 — 40z, + 2527)

z7 = (16 — 40z, + 25 (—4 + 52,))

r] = —84 + 851,
Step 4; Compute the vector

v = NFVg, (2))PNFVg,(z})

= (36, —60, 25, —84, 85)

reduce it against the rows of M.

Thus
vi=v— Zaimi = (36, —60, 25, —84, 85) — [—24(1,0,0,1,0) + 50(0,1,0,0,1)

—35(0,0,1,—4,5) + 10(6, —11,6, —20, 21)]

=(0,0,0,0,0).
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Since v* = (0,0,0,0,0), attach the polynomial

L= ait; =} — [-24(1) + 50(z1) — 35(23) + 10(a7)]

i

= r] — 1023 + 3522 — 507, + 24
to G
G = [z} — 10z} + 352% — 50z; + 24]

Go to Step 2, t = x5, according to the ordering, delete t = z, from the list
L;

L= [.iL'g]

Step 4; Compute the vector

vV = .N'}?‘/G1 (x2)@NFVG2 (.ZL‘Q)

=(1,1,0,1,1).

and reduce it against the rows of M.

Thus
vi=v-)Y am; =(1,1,0,1,1)-[(1,0,0,1,0)+(0,1,0,0,1)]

=(0,0,0,0,0).
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and attach the polynomial

t— Zaiti = 5 — [1(1) + 1(z1)]
=Ty —27— 1

to G

G = [z} — 1023 + 352} — 5021 + 24,25 — 1 — 1]

Go to Step 2, t = z3, according to the ordering, delete ¢ = z3 from the list
L;

L=]1]

Step 4; Compute the vector

v = NFVg, (z3)NFVg,(z3)

=(2,1,0,2,1)

reduce it against the rows of M.

Thus

vi=v-> am; =(21,0,2,1)-[2(1,0,0,1,0)+(0,1,0,0,1)]

=(0,0,0,0,0).
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and attach
t— > aiti = x5 — [2(1) + 1(z)]
=23 — 11— 2
to G;
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