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Abstract

AN INTRODUCTION TO SUPERSYMMETRIC QUANTUM MECHANICS

By Vincent Ronald Siggia

A Thesis submitted in partial fulfillment of the requirements for the degree of

Master of Science at Virginia Commonwealth University.

Virginia Commonwealth University, 2019.

Director: Dr. Marco Aldi,

Assistant professor, Department of Mathematics

In this thesis, the general framework of supersymmetric quantum mechanics
and the path integral approach will be presented (as well as the worked out example
of the supersymmetric harmonic oscillator). Then the theory will be specialized to
the case of supersymmetric quantum mechanics on Riemannian manifolds, which will
start from a supersymmetric Lagrangian for the general case and the special case for
S2. Afterwards, there will be a discussion on the superfield formalism. Concluding
this thesis will be the Hamiltonian formalism followed by the inclusion of deforma-

tions by potentials.
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CHAPTER 1

INTRODUCTION

Quantum mechanics is one of the most important physical theories to come out of
the 20th century. Without its development, many technologies and other physical
theories would simply not exist. After quantum mechanics came quantum electrody-
namics (QED), the first theory to successfully marry quantum mechanics and special
relativity. Then with the discovery of new particles that decay rapidly came the de-
velopment of the theory responsible for the Weak force and eventually the unification
with electromagnetism under the Electroweak theory. Afterward, the development
of the Standard Model and quantum chromodynamics (QCD) have rounded out our
understanding of particle physics. With the discovery of more fundamental particles
and experiments verifying its many predictions, the Standard Model has become a
pinnacle of human intellect.

Through out each of these descriptions of physical phenomena, symmetries are
at the core. The unification of electromagnetism and the weak interaction is accom-
plished using U(1) x SU(2), while QCD is described by SU(3). However, in order
to develop unified physical theories, i.e. the inclusion of Einstein’s theory of general
relativity into the Standard Model, new symmetries must be proposed. Currently the
Standard Model One of the proposed methods of unification is the use of, what is
called, supersymmetry. Supersymmetry, in a nutshell, is a proposed fundamental sym-
metry that relates bosons and fermions. Any physical theory, classical or quantum,
can incorporate supersymmerty. The framework that will be discussed in chapter 2 is

at the core of any supersymmetric theory, whether it is quantum machanics or quan-



tum field theory. Referring to chapter 3 of this thesis, the main example starts with a
supersymmetric Lagrangian in the classical setting and then upon quantization main-
tains the supersymmetry. One of the advantages of supersymmetry, from the point
of view of running calculations, is that supersymmetry provides a mechanism for the
cancellation of the ultraviolet divergences that arise in any realistic quantum field
theory in the traditional sense [1].

Supersymmetry has a fascinating history. Before the first notion of supersym-
metry, a precursor to the modern theory harkens back to the time of Schrodinger.
In two of his papers, Schrodinger presents a method of solving differential equations
by factorization and even solves the harmonic oscillator and non-relativistic hydro-
gen atom using this method [2, [3]. Schrédinger’s approach at first glance looks like
a mathematical trick but is actually closely related, if not equivalent, to part of
the requirements of supersymmetric quantum mechanics. For example, consider the

eigenvalue problem
(0.0, — 1) = b (1.1)
Under Schodinger’s factorization method, this can be factorized two ways as

(0r +1)(0: — Db = (1.2)

(0r — 1)(0: + 1) = M. (1.3)
Now taking the sum of both equations, we have
(0 +1)(0r — 1) + (0r — 1)(0x + 1)] 0 = 2X1). (1.4)

We maintain this form because, in general, the two “factors” in each term may not

commute; however in this example they commute. Realizing that the left hand side



is simply an anti-commutator, we have
{0, +1,0, — 1} =2(0,0, — 1), (1.5)

matching part of the definition of supersymmetric quantum mechanics; that will be
later defined at the beginning of Chapter 2.

Afterwards in the early 1960’s, Gell-Mann and Ne’eman successfully described
the relations between various strongly interacting, same spin particles of different
charge and strangeness using the group SU(3) [4, 5]. Later in 1967, the Coleman-
Mandula theorem was proved using less restrictive assumptions [4].

The Coleman-Mandula Theorem states:

Theorem 1 Let G be a connected symmetry group of the scattering matriz, i.e. a
group whose generators commute with the scattering matrixz S, and make the following

five assumptions:

1. Lorentz invariance: G contains a subgroup which is locally isomorphc to the

Poincaré group.

2. Particle finiteness: All particle types correspond to positive-energyrepresentations
of the Poincaré group. For any finite mass M, there is only a finite number of

particles with mass less than M.

3. Weak elastic analyticity: FElastic scattering amplitudes are analytic functions
of the center-of-mass energy squared s and the invariant momentum transfer

squared t in some neighborhood of the physical region, except at normal thresh-

olds.

4. Occurrence of scattering: Let |p) and |p/) be any two one-particle momentum



eigenstates, and let |p,p’) be the two-particle state constructed from these. Then

Tlp,p') #0
where T is the T-matrixz defined by
§ =1 i(2n)'5*(p, — p})T

except, perhaps, for certain isolated vaules of S. In simpler terms this assump-

tion means: Two plane waves scatter at almost any energy.

5. Techical assumption: The generators of G, considered as the integral operators

in momentum space, have distributions for their kernels.

Then the group G is locally isomorphic to the direct product of a compact symmetry

group group and the Poincaré group.

Since this theorem only applies for transformations that take fermions to bosons
and vice versa, supersymmetry is the only possibility [1}, |4]. However, this fact was
not immediately realized; instead supersymmetry developed independently from the
Coleman-Mandula theorem in a series of papers on string theory [1}, 4].

Currently, supersymmetry is used in string theory and quantum field theory
in order to unify the standard model with Einstein’s theory of relativity. In the
experimental setting collider experiments, like the Large Hadron Collier (LHC), are
on the look for the lightest supersymmetric particle (LSP). LSP is generic name given
to the lightest particle in a SUSY theory. Due to constraints from cosmology, the
LSP must be neutral, weakly interacting, and stable [6, |7]. The current candidates
amoung the superparticles are the sneutrino, the neutalino, and the gravitino [6, |7].
The sneutrino and the neutalino are expected to have an upper mass limit of 1TeV

while the gravitino’s upper mass limit is much less than 1keV [6} 7] 4]



However, as of May 2019, there is no evidence confirming the existence of su-
perpartners; which either means that supersymmetry does not exist in nature or
supersymmetry is broken at the energy levels available [1]. Despite the lack of confir-
mation, there is one source suggesting that their data fits the behavior of stau decay
into a tau lepton, however it is too early to confirm [§].

In order to understand supersymmetry, this thesis will examine some conse-
quences of supersymmetry. This will not be a thorough examination of the subject,
merely an introduction to the area in order to understand how supersymmetry works.

In Chapter 2, we begin with defining supersymmetric quantum mechanics and
explore some immediate consequence. Then, we will work out the supersymmetric
version of the harmonic oscillator. Finishing out the chapter will be quick a discussion
of the path integral approach to quantum mechanics.

Afterward, Chapter 3 begins with working out the general case of supersymmetric
quantum mechanics on Riemannian manifolds, so that general relativity can later be
incorporated, and a special case for the surface of a sphere starting from a Lagrangian.
Next, we will look into the superfield formalism. Then we will go through the general
case and the special case of S? again but in Hamiltonian formalism. Concluding this
thesis will be a discussion of deformations by outside potentials to the theory laid out

in Chapter 3.



CHAPTER 2

SUPERSYMMETRIC QUANTUM MECHANICS

Through out this chapter, we will discuss concepts and the framework necessary for
supersymmetric (SUSY) quantum mechanics. The framework presented in this chap-
ter can be applied to any physical theory, either in the classical setting or quantum
setting, and it is at core all SUSY quantum field theories (QFT).

Starting off the chapter, we will define supersymmetric quantum mechanics.
Then we will work out how the bosons and fermions are related under SUSY. Next,
there will a discussion of the Witten index. Afterwards, the SUSY harmonic oscillator
will be worked out. Finshing out the chapter will be the path integral approach. This

chapter will cover concepts from references |9, (10} |11}, 12].
2.1 General Formalism

A Z,-graded Hilbert space of states H is the direct sum of two Hilbert spaces:
the bosonic (even) states HP, and the fermionic (odd) states H. With respect to
the decomposition H = HP @ H¥, the Z,-grading is defined by the eigenvalues of the

operator (—1)¥, which can be represented in block matrix form as

1 0
(—1)F = (2.1)
0 —1
More precisely, the Z,-grading behaves as
(=D yp=1d

(—1)F |pr= —Id.



Here even and odd can also describe operators. An even (bosonic) operator means
that some operator A commutes with (—1)7. Conversely, odd (fermionic) operator
means that some operator B anti-commutes with (—1)".

Supersymmetric quantum mechanics is a quantum theory with a positive Z,-
graded Hilbert space of states H with an even operator H as the Hamiltonian and

odd operator ) and Q' as supercharges. These operators obey the relations:

Q*=Q" =0 (2:2)
{Q,Q"} = 2H, (2.3)

where is the anti-commutator
{A, B} = AB + BA.

Here this is the natural commutator for a pair of odd operators. Should the operators
both been even or one evan and one odd, the regular commutator would have been

the natural choice. As a result, the supercharges are conserved:

Hereafter Qf and ) may be used interchangeably.
The Hamiltonian preserves the decomposition H = H? @ H! while the super-

charges map one subspace to the other:

Q.Q": HP — HE,

Q, Q" H" — HP.
So an arbitrary vector |v) decomposes as

[v) = [v®) + [v")



where [v?) € HP and [vF) € HY, and thus
H(=1)"|v) = H |vP) — H |vF).
Since the Hamiltonian is even, we can factor out the Z,-grading to get
H(=1)"|v) = (=1)"H [v). (2.5)
Similarly without loss of generality, the supercharges act on the vector |v) as
Q(=1)" ) = Q") = Qv").

Since the supercharges are odd, factoring out the Z,-grading brings in a negative sign

to get
Q(=1)"v) = =(=1)"Qlv) (2.6)

QM=) o) = =(=1)"Q"|v). (2.7)

The first consequence of how supersymmetric quantum mechanics is defined and
the positive-definiteness of the Hilbert space is that the Hamiltonian, following di-

rectly from eq.(2.2), is a non-negative operator

H={Q.Q") >0 (2.8)

To show this we take

(W H o) = £ (0] Q@' )+ 5 (0] QIQ )

and note that (v|Q = Q' |v) and (v| QT = Q |v). Therefore

(0| H |v) = Qlv) - Qlv),

N | —

SO0 Q' o) +



where the dots are the standard dot product for Hilbert space H. From here we can

note that both terms on the right hand side are non-negative
L 2 1 2
([ H o) = SlIQT ) |I” + SlIQ [} I = 0,

due to the dot product of conjugate pair of vectors |A),|A) is a norm, which by

definition, is non-negative. A state has zero energy if and only if it is annihilated by
Q and Q':
Hla) =0<+= Qla) = Q" |a) = 0. (2.9)

To show the backward direction is quite simple. Assume that Q|a) = QT |a) = 0,

then the Hamiltonian acting on a vector becomes

1) = 5@ o) + 5@'Qla) =0,

For the forward direction, assume that H |o) = 0. Since

(o] Hn) = 3 (2lQQ']0) + 5 (0]Q'Qla)

is non-negative, this implies that

Qla) = Q'a) = 0.

Due to the non-negativity of the Hamiltonian, a zero energy state is a ground state,

(v|H |v) = E (vjv) = E > 0.

States that are annihilated by @ or Q' are states invariant under the supersymmetry
and are called supersymmetric states. What we have seen above is that a zero energy

state is a supersymmetric state and vice versa. Thus, in what follows we call such a



state a supersymmetric ground state.
The Hilbert space can be decomposed in terms of eigenspaces of the Hamiltonian

when H,) is defined such that for all n€ N

H= & Hp (2.10)

n=0,1,...

Hlug, = Enldly,,,- (2.11)

Since Q, Q' , and (—1)F commute with the Hamiltonian, these operators preserve the

energy levels:

Q.Q", (=1)" : Hny — Hw).- (2.12)

To show that two operators that commute preserve the eigenvalue, first assume
there are two commuting operators A and B which are acting on an eigenstate of A

denoted as |A). Since the two operators commute,
AB|A) = BA|A).
Since the A is now acting its eigenstate,
AB|A) = BA|A),

where \ is the eigenvalue of A. Since scalar values commute with operators, the A

can be pulled out front of the operator B
AB|A) = AB|A),

thus showing that the eigenstate is preserved.
In particular, each energy level H, is decomposed into even and odd (bosonic

and ferimonic) subspaces

Hny = Hioy & Hiny,s (2.13)

10



and the supercharges map one subspace to the other

Q.Q": My — My (2.14)
Q,Q": Hly — M. (2.15)

Now let us consider @; = Q + Q. Due to eq.(2.2), only the cross terms of squaring

()1 survive, which by eq.(2.3) is twice the Hamiltonian.
Qi =QQ"+Q'Q=2H (2.16)

This operator preserves each energy level, mapping ng) to ’Hf;) and ”Hf;) to ”Hffl).

Since Q? = 2F,, at the n'® level, as long as E, > 0, Q; is invertible, i.e.

@
Q' = (217)
and defines an isomorphism
iy =M. (2.18)

Thus the bosonic and fermionic states are paired at each excited level. At the zero
energy level H ), however, the operator (); squares to zero and does not lead to an
isomorphism. In particular the bosonic and fermionic supersymmetric ground states
do not have to be paired.

Now, let us consider a continuous deformation of the theory (i.e., the spectrum
of the Hamiltonian deforms continuously) while preserving supersymmetry. Here the
excited states (the states with positive energy) move in bosonic/fermionic pairs due
to the isomorphism discussed above. Some excited level may split into several levels
but the number of bosonic and fermionic states must be the same at each of the new
levels. Meanwhile, some of the zero energy states may acquire positive energy and

some positive energy states may become zero energy states, but those states must

11



again come in pairs of bosonic and fermionic states. This means that the number of
bosonic ground states minus the number of fermionic ground states is invariant. This

invariant can also be represented as
dim H gy — dim H gy = Tr(—1)Fe 7M. (2.19)

For the explicit calculation refer to Appendix B. This is because in computing the
trace on the right-hand side, the states with positive energy come in pairs that cancel
out when weighted with (—1)f" and only the ground states survive. This invariant
is called the supersymmetric index or the Witten index and is sometimes also denoted
by the shorthand notation Tr (—1)" .

Since Q% = 0 we have a Z,-graded complex of vector spaces
HEY = HP S HE s HB, (2.20)

for more information on Z-graded spaces, refer to Appendix A. Due to Q% = 0, this
implies that when @ acts on a vector in either Hfor H”, @ takes the vector to a

subset of the other space, i.e.
Im@ C Ker@ (2.21)

where Im(@) is the image of () and Ker( is the kernel of (). Now consider the coho-

mology of this complex, i.e.

o KerQ : HB — HF
T ImQ:HE — HB
o KerQ : HI — HB
 ImQ:HB — HE

(2.22)

(2.23)

The complex shown in eq.(2.20) decomposes into energy levels. At each of the excited

levels, the complex is an exact sequence, making the cohomology vanish. This is seen

12



by noting that if the vector |a) at the n'® level is Q-closed, Q|a) = 0, then by the
relation 1 = % that holds on H,)we have |a) = gTQﬂoz); namely |a) is Q-
exact. At the zero energy level H(0), the coboundary operator is trivial, @ = 0, and
the cohomology is nothing but H? and H¥ themselves. Thus, we have seen that the

cohomology groups come purely from the supersymmetric ground states

In other words, the space of supersymmetric ground states is characterized as the
cohomology of the (Q-operator.

So far, we have assumed only the Z,-grading denoted by (—1)f . Note that in
some cases there can be a finer grading such as a Z-grading that reduces modulo 2 to
the Zy-grading under consideration. Such is the case if there is a Hermitian operator
F with integral eigenvalues such that '™ = (=1)F . The Hilbert space H can be
decomposed with respect to the eigenspaces of F' as H = @®,czH” and the bosonic and
fermionic subspaces are simply H? = @peven HP and HE = @podd HP. Furthermore, if

@ has charge 1, i.e.
[F, Q] =Q, (2.25)

the Zy-graded complex shown in Eq.(2.20) splits into a Z-graded complex

Lyt Gy Gyt & (2.26)

refer to Appendix A for an explicit derivation of eq.(2.26). There is also a cohomology

group for each p € Z:
_ Ker@ : H — HPH
© ImQ : HPl — Hp

H(Q) (2.27)

Of course, the space of supersymmetric ground states is the sum of these cohomology

13



groups and the bosonic/fermionic decomposition corresponds to

Hiy = @ H(Q), Hip = & H(Q). (2.28)

peven podd

The Witten index is then the Euler characteristic of the complex

Tr(—1)" = (~1)”dim H*(Q). (2.29)

peZ
It is possible to generalize this Z,-grading to the case with a Zy,-grading. However

this is beyond the scope of this thesis and will be left as an exercise for the reader.
2.2 Example: The SUSY Harmonic Oscillator

In the particular case of the SUSY harmonic oscillator, the Hilbert space decom-

poses as
H=HoH", (2.30)

with
HP = L*(R,C)|0) (2.31)
HE = L*(R,C)¢|0), (2.32)

where L? (R, C) is the Hilbert space of the bosonic harmonic oscillator, on which H,,.
acts non-trivially and C? := C|0)@C 1) |0) is the space on which Hp acts non-trivially.

In the {|0),|0) basis, the the two states are represented as

0) = , Y[0) = : (2.33)

14



Suppose the Hamiltonian for our quantum mechanical system is
Ly 2.2 -
Hzé(p +wr —|—w[1p,zﬂ). (2.34)
To check that this Hamiltonian is supersymmetric, consider the supercharges

Q =¥ (ip + wz) (2.35)

Q' = (—ip+wr), (2.36)

where t,7) are fermionic (odd) variables that augment physical space to describe

fermions, and the canonical commutation relations

[z,p] =i (2.37)
{v, 9} =1, (2.38)
where p and x operators
p = —i0, (2.39)
T =z, (2.40)

where the dot represents the act of multiplication, act on f € L?(R,C). Using the

anti-commutator of the supercharges, we have
{Q, Q" = ¥y (p* + wa® + iwpzr — iwap) + Py (p° + w’z® — iwpx + iwxp) . (2.41)
Using the commutation relation from eq.(2.37), we have

{Q, Q" = ¥ (P + w?a? + w) + ¢ (p* + w'a? —w). (2.42)

15



Regrouping this by like terms, we can say that
{Q,Q" = (P +?2®) (V¢ +9v) +w (i —vy) . (2.43)

Now using the anti-commutation relation from eq.(2.38), we get twice the Hamilto-

nian.

{Q.Q" = (v +wa?) +w v, ] (2.44)

Now in order to determinw the eigenvalues/energy states for this system, first

define
Hp = % (p* + w’z?) (2.45)
Hr =w [¢,¢]. (2.46)

Since this two pieces of the Hamiltonian commute with each other, they share common
eigenstates. Therefore the eigenvalues for each part can be found using the same
eigenstates. So for Hp it is commonly known that for the harmonic oscillator that

the energy states are

1
EP = B2 = |u| (n ; 5) | (247)

where n € Z>¢; for the explicit calculation of the ordinary harmonic oscillator energy
values refer to Appendix C. Now for the fermionic part, using the matrix representa-

tion of ¢ and v as

P = . = (2.48)

16



in the {|0), |0)} basis, the Hamiltonian for the fermionic part becomes

~1 0
Hp =5
0 1

From here, it is clear that the two eigenvalues are

lwl

EF:i2

since w = £+/k/m.

Now looking at the combined spectra yields

Er + EP = |w|n

(2.49)

(2.50)

(2.51)

where n € Z>o. From here it is easy to see that there is a supersymmetric ground

state at n = 0.

We now calculate the partition function and the Witten index. Given the fac-

torization of the Hilbert, the partition function and the Witten index are given by

Z(B) :=Tre P =Tre PHe . Ty PHrF

Tr(—1)" :=Tr [(—1)F e_ﬁH} =Tre PH5 . Ty [(—1)F e_BHF] :

(2.52)

(2.53)

Now calculating the individual parts, we can use the eigenvalues from eq.(2.47) and

eq.(2.50) to get

oo
Tre #He =3 o= B(n+3)lwl

n=0

Tre BAHr —e=Bw/2 | oBw/2

Ty (_1)F e—ﬁHF} —eBw/2 _ B2

17

(2.54)

(2.55)

(2.56)



To evaluate the infinite sum in eq.(2.54), we can rewrite the summation as

Tr e—PHe — 67%B|w| Z e Plwin/2. (2.57)

n=0

Since this is a infinite geometric series where e=?l < 1, the summation becomes

—1 8wl
Tr G_BHB = ﬁ (258)
This reduces to
1
Tre PHe = (2.59)

— eBlwl/2 — g—Blwl/2”

Using eq.(2.55), eq.(2.56), and eq.(2.59), the partition function and the Witten index
become

€7BUJ/2 + eﬁw/2

2(8) = iz — g (2.60)
—Bw/2 _ pfw/2
F € €
Tr(=1)" = Zum — i (2.61)
By definition the partition function reduces to hyperbolic cotangent
Z (B) = coth (@) : (2.62)

Then by examining the cases when w > 0 and w < 0, the numerator and denominator

only differ by a sign, i.e.
Tr(—1)" = +1. (2.63)

Note that the partition function depends on the circumference 3 of S' whereas the
supersymmetric index does not.

Now calculating the cohomology for the SUSY harmonic oscillator, we let () act

18



on an arbitrary vector [v) = f]0) + g¢ |0) to get

Q v} = ¥ (ip + wz) [ |0) + ¢ (ip + wz) g9 |0) . (2.64)

Since the fermionic variables annihilate themselves, we have

Q vy =9 (ip + wz) f0). (2.65)
This means that
ImQ:H — HP =¢ (2.66)
Im@Q:H” — H' = L*(R,C) (2.67)
Ker@ : H" — H” = L* (R,C) (2.68)
Ker@Q: H” — H" ={fe L*(R,C): (ip+wa)f =0}, (2.69)
where ¢ is the empty set and p = —id, under the canonical quantization. From here
we can see that
flz) = Ae 2", (2.70)

where A is a constant, and the cohomology is one dimensional and concentrated in

even parity.

HP(Q)=C (2.71)
HE(Q)=0 (2.72)
2.3 The Path Integral Approach

The independence of the supersymmetric index from 3 can be exploited to relate
it to computations done in zero-dimensional QFT. Namely we consider the limit

£ — 0, in which case in the path-integral computation, only the time independent

19



modes contribute, and we are left with a finite-dimensional integral that is exactly the
same integral found in the context of the zero-dimensional QFT. This also explains
why the Witten index is equal to the partition function for the supersymmetric system
considered for the zero-dimensional QFT.

Ordinarily, the Feynman path integral version of the partition function is
7 = /DX S0 (2.73)
where S (X) is the action

S(X) = /Ldt. (2.74)

Since S (X)) is real, we are summing up phases associated with different paths and
the convergence of the integral is a subtle problem. By considering the “Euclidean
theory”, we can avoid dealing with the different phases. This is obtained by “Eu-

clideanizing” the time coordinate ¢t by the so-called Wick rotation:
t —> —iT. (2.75)

Then the action S (X) — iSg (X), where Sg (X) is the Euclidean action. This in

turn defines the Euclidean partition function to be
Zp = / DX ¢80, (2.76)

Another way to think about the Wick rotation is that, in the setting of QFT, in
which uses a Lorentzian (Minkowski) metric, this will change the geometry of the
space-time from Lorentzian to Euclidean. This in turn makes the geometry and
calculations easier to held.

Now suppose there is a supersymmetric quantum mechanics which comes from a
F,—BH

supersymmetric Lagrangian. Then the Witten index Tr(—1) and the partition
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function Z(8) = Tre ™ on a circle of circumference 3 can be define in terms of a

“Fuclideanized” path integral as
Z(B) = Tre ¥ = / DXDYDP|ppe S (X00), (2.77)
Tr(—1)F = Tr(—1)Fe P2 = / DX DYDY |peS(X0¥), (2.78)

where the AP and P on the measure represents the use of antiperiodic and periodic

boundary conditions on the fermionic fields:

(0) = —¥(), (2.79)
(0) = +(B). (2.80)

<

AP = 4(0) = —v(p),
P (0) = +v(8),

<

The fact that inserting (—1)f" operator corresponds to changing the boundary
conditions on fermions follows from the fact that fermions anti-commute with (—1)%".
So before the trace is taken, the fermions are multiplied by an extra minus sign. What
is not completely obvious is that without the insertion of (—1)!" the fermions have
anti-periodic boundary condition along the circle. To understand this, let us consider
the correlation functions on the circle with insertions of fermions. Due to the fermion
number symmetry, the number of ¢ insertions must be the same as the number of 1
insertions for the correlators to be non-vanishing. We consider the simplest case with
the insertion of 1(¢;) and v (t5). Let us start with £, = 0 < ¢; < 3, and increase t, 50
that it passes through t; and “comes back” to 5. Due to the anti-commutativity of
the fermionic operators, when ¢, passes through t;, the correlation function receives
an extra minus sign. Thus, the ordinary correlation function (¥(t;)1(t;)) sy, which
corresponds to the trace without (—1), is antiperiodic under the shift to — to + 3.

We saw in the operator representation that Tr (—1)Fe is independent of /3.

What this means in this context is that in the path-integral representation on a circle
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of radius # with periodic boundary conditions, the path-integral is independent of
the radius of the circle. One can directly see this in the path-integral language as
well. Namely, the change of the circumference is equivalent to insertion of H in the
path-integral. This can in turn be viewed as the ) variation of the field QT (in view of
the commutation relation {Q,Q'} = 2H). For periodic boundary conditions on the
circle, @) is a symmetry of the path-integral (this only exists for periodic boundary
conditions for fermions because there is no constant non-trivial € that is anti-periodic
along S'). And as in our discussion in the context of zero-dimensional QFT, the
correlators that are variations of fields under symmetry operations are zero. Thus the
insertion of H in the path-integral gives zero, which is equivalent to § independence

of the Witten index in the path-integral representation.
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CHAPTER 3

SUSY QM ON RIEMANNIAN MANIFOLDS

We now specialize the general framework discussed in chapter 2 to the important ex-
ample of SUSY quantum mechanics constructed out of geometric data; more specif-
ically, the supersymmetric sigma model. This section will cover quantum mechanics
concepts from references |9, (10, |11} 12, 1, |4] and concepts from differential geometry
from references [9, 13| |14].

In the following sections, an in-depth look of a supersymmetric sigma model,
as well as some worked on examples are presented. In particular, we will start off
showing that a Lagrangian for a Riemannian manifold is supersymmetric under some
SUSY transformations and derive the supercharges and Noether charge. Then we
will specialize these calculation to the special case of S2. Afterward, there will be
a discussion on the superfield formalism in order to understand how to generate
supersymmetric Lagrangians and SUSY transformations. Next, we will quantize both
the general and S? cases and examine the Hamiltonians. Finally, we will include

deformations by outside potentials into the theory laid out in this chapter.
3.1 The General Case
So consider the Lagrangian
L= 00589 + Lors (¥ D’ — D' + SRat T 05T (3)
where the covariant time derivative is
D! = 0" + T 5007, (3:2)
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with F(Iw being the Christoffel symbol defined as

1
Il = 59” (0ag8s + 08950 — Osgap) - (3.3)

Under the supersymmetry transformations

5ol = e — el (3.4)
ot = e (ig! — Thgu"v?) (3.5)
60" = (—id — Th 7)., (3.6)

where € and € are fermionic numbers, the action is invariant
6525/Ldt20, (3.7)

making the classical system supersymmetric. To show that this is true, we assume a
symmetric metric tensorg;; = gy and normal coordinates i.e. the expression involving
the metric are calculated in coordinates such that dxgr; = 0 (so that in particular
all Christoffel symbols vanish too). More precisely this is assumed at a given (but
arbitrary) point, in particular higher derivatives of the metric cannot be assumed to
vanish.

For brevity we can take the variation of the Lagrangian so that there are only
€ terms since the € terms will mirror the same process through out the following

calculations. Therefore the variation of the Lagrangian with respect to € is

1 o 1 ...
oL = §QIJ5¢I¢J + §9U¢15¢J+

+ %gu G 0,507 + 0T 667 0P — 0T 5567 ¢e9 ! — a@ﬂsﬂ (3.8)
+ %@RIJKLCSQW@/)I@J%UKEL + %RIJKL <5¢IEJ¢KEL + @DI@JCWKEL) :

Here we can rearrange the variation factors so that they are the leading factor in the
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four fermion terms and multiply both side by two.

20L = g1,69'¢” + g1s9' 667+ (3.9)
+igrs [0 05w + 0, T] 50076 — 0,140 60707 — a0 |
+ 0, Regicn 860 WG+ Regren (00707 00" 4 60Ny
Now using the € part of the supersymmetry transformations
20L = EglJatEIQV + GgleglatEJ +1917 [Eleat <Z¢J - Fig@aq/fﬁ)
0,6l 0 — e, Tl 670w — 0 e | (3.10)
+ avRIJKL€J/¢IEJ¢KEL +eRrykr [iQZBIEJwKEL + MBKIDIEJEL] :
we can separate the terms into three cases based on the number of fermionic variables:

1, 3, and 5. Doing this we get
19 : 20L = eguaﬂlqﬁi‘] + egugy@t@J — gIJEIEQ.b.J + gIJatEIEQgJ (3.11)
31 20L = igry |~ 0T 0w + 00,1 el o — o, TL i 607y
+ieRrkL [anJ?ﬂKwL + QgKlZ}I@J@L] (3.12)

5 26L = 8, Ryyxcrey v EO". (3.13)

When we bring € out front for each term, it picks up a negative sign for every other

fermionic variable it crosses.

10 20L = eqr 0,0 ¢ + 918" 000" + egrs0’ ¢ — egrs000 &7 (3.14)
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3 20L =igr, [e@lf%l“igé”@aw - e@lé‘ﬁiﬂ%“@/}ﬂ - eaﬂ‘igwi%ﬁ@b"]
+ieRke [@IEJQ/JK@L + Ry g (3.15)
59 26L = 0, Ryyicred W 9 59" (3.16)
. Now dealing with the one fermion part in equation (3.15), we have
I :20L = ¢ <91J5tEI¢J + 91J¢515@J + QIJEI(%J — QIJatEI(bJ) : (3.17)

By noting that the metric tensor is symmetric and that fermionic variables can com-

mute with bosonic variables, the second and forth terms cancel.
_I . _I .
1y :20L =€ <91J3t¢ o7 + g1t ¢J> : (3.18)
Then by noting the total time derivative of g; JEIQ‘SJ is
_I.J . "‘Y_I.J _I.J _I..J
0 (9150 87) = 09108706 + 910000" 6" + 91558, (3.19)
where 0, g; J¢7E1¢J = 0, we have that
_I . J _I ..J
1 20L = ¢ (91s00" 6" + 910 &) =0, (3.20)

Now moving on to the three fermion part in eq.(3.16), let us expand the Christof-

fel symbols using the definition in eq.(3.3).

3¢ 1 20L = %Egu [519‘]5(‘% (00985 + 0350 — Osgap) @7 1°
— 0" 4790, (Dagss + 03950 — Osgas) ¥ 1 (3.21)
—g"°0, (Dagps + Opgsa — Dsgap) W%ﬂw"}

+eRrkr (GEIEJiﬂKEL + ¢K¢IEJEL> .
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Now summing over J in the first two terms and in I in the third term, we have

1 [—I T
30 20L = e (0910, (Dagas + Dssa — Osgas) 60" 1
_I .a
- 1/) g}sav (aozgﬁ(s + aﬁgéa - aégaﬂ) ng ¢ﬁ (322)
.a_ﬁ
~950y (0agps + Opgsa — sgas) ' 0™ Wﬂ
. p=J k=L —J—L
iR (670 V5T + PG
Now summing over the remaining lower indices of the leading metric tensor in the

first three terms gives

v [ .
30 20L = e (00, (Bagas + Oagsn — Osup) 6070

-5 Y o B

- 1/} a’y (8ag,8(5 + aﬁgéa - 869&5) ¢ ¢ 1/} (323)

_@7 (aozgﬁ5 + 8[3960[ - a5ga,3) W&aaﬁd)ﬂ
. =) =L s —J—L

iRk, ($6 65" + PPt

Then by noting that the ¢ factors anti-commute in conjunction with that facts that

the order of derivatives does not matter and the metric tensor is symmetric, we have
1[5 P —5 t o
377Z) :20L = §€ [77D a’y (6Ozgﬁ5 - aégaﬁ) CZW/J ¢ﬁ - ¢ a’y (8049/35 + aﬁg(sa)WCb 77[]/8 (324)
B . =] k=L s —J—L
—0, (Dagss — 05900) 06700 + ieRugrcr, (8107 0N9" + ¢4 0070")

For convenience, we can rearrange the factors in the first three terms, without a

change of sign, to get

300261 = e [0, (8ugss — 10us) 0TV — 0, (ugss + Opga) 6T 0

—0y (0agss — O59ap) ¢0E7E6¢5] +ieR1iKL ((éIEJQ/JKEL + QBKWEJEL) - (3.25)

Note in the previous equation the two underlined terms. Since the order of derivatives
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does not matter, these two terms cancel. This leaves us with

30 201 = e [~0,000056 T TN ~ 0,00500T T (3.26)

_87 <M B 859a[3> éaﬁﬂﬁﬂ +ieRrKkL <¢BIEJ¢KEL + CﬁK%UIEJEL) .

Again note in the previous equation the two underlined terms. Since the order of

derivatives does not matter, these two terms add up. This leaves us with

3¢ 260 = %e (—28785%5&5@6@&% — 0,03950 8" VP + 0,05905" 0 F w‘;)

+ Rk (QVEJT/JKEL + QgK@/)I@J@L) . (3.27)

Once more, note in the previous equation the two underlined terms. Swapping the
order for the 1 in the second underlined term gives us a negative, allowing for these

two terms add up. This leaves us with
. _ RN [0 77 )8
3 20L = —ie <87859a5¢ Yy YT + 0,089500" Y Y Y >
tieRcs (670 6T + S pIETE"). (3.28)

) . —J gL —J—L .
For convenience, we can swap the order of the factors in "% and "¢ in
order to not pick up a negative sign, i.e. make an even number of permutations to

the fermionic variables.

3b: 20L = —ie (avaggaﬁgb”%%“wﬁ + 0,059500° 0 & P >

+ieRrKkL (Q.bIELE‘Il/JK + éKajﬂLzﬁI) : (3.29)

Now for the last term, the Riemann curvature tensor is defined, in terms of derivatives
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of the metric tensor, as
1
Rrjkr = 5 (aJaKgIL + aIaLgJK - aJaLgIK - aIaKgJL)
+ re. I —19, 15 ). (3.30)
Gap \L gl JL Ik

Since we are using normal coordinates, the Christoffel symbol terms disappear. This

makes the three fermion part become
, s —6—a s =0
3 201 = —ie |0,059a38" 0 TV + 0,050500" 06" | (3.31)
7 —L—J g . ix—J—L I
+ 56 (050K g1 + 0101951 — 050191k — 010K gs1) <¢ (G R ) .

Now since the ¢ factors anti-commute, the last two terms of the curvature tensor

become zero.
. 6 f o0
30 261 = —ie |0,050050"F 0"V + 0,055 0D B0 | (3.32)
+ %6 (050K g1 + 01019x) (éleE‘jiﬂK + éKﬂJELQ/fI) :
By expanding this out
. 6 )
30 20L = —i € |0,050050"0 V7 + 0,050500"0 00| (3.33)
+ %6 [(aJaKglL + aIaLgJK) éIELEJ@DK + (afaKglL + aIaLgJK) QBKEJELQ/)I] 5
we can see that the underlined terms add up to get

3 20L = —ie [0,059050"0 007 + 0,055 00 0’| (3.34)

+ %6 [(23J8K91L + 010190k ) SO ¢ aJaKgIL(bKEJELQ/}I] :
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Similarly, the two underlined terms add up to get
. . S—a e
30 20L = —ie |0,05as®" ¥ U0 + 0,05950 070" 0 (3.35)
. s p—L—J
+ i€ (850K g1 + 0r0Lgsx) "p P YN =0,

which we can see reduces to zero.
Now moving on to the five fermion part, we can insert the definition of the

Riemann curvature tensor to get

€ — — —
517D 120 = 587 (8J8K91L + 818L9JK - a]aLgIK - aIaKgJL) ¢7¢I¢J¢K¢L- (336)

Now since the v anti-commute while the order of derivatives does not matter, the

first three terms are zero.
€ —y I_J K_L
577/) 1 20L = —587818KQJL77/) ¢ 77ZJ 77Z) w (337)

. . . o = —L . .
Now since the metric is symmetric while v and 1 anti-commute, the remaining
term is also zero, showing the the action is invariant.
So by the Noether procedure, by taking € to be time dependent, we can find the

conserved supercharges

Q=igrb ¢’ (3.38)

Q" = —igryv'e’. (3.39)

To show this, we vary the Lagrangian as we did previously in eq.(3.9) only taking the

¢ terms. However, since € is now time dependent, the only terms that will change are
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the terms containing time derivatives.

2L —egrsd &’ + eqrsd' 0
+ 1917 [Z@Iéw + E%at <Z<Z5J — Fi@@a?ﬁﬁ) + @I@Fige?&wﬁ (3.40)
e, Tl 0 — 0 €7 | + 0y Ruscred w9 v G
+ RrjkL [ieélajﬁbKEL + iEQ.SK@/JIEJEL] :
Comparing eq.(3.40) to eq.(3.10), we can see that there is only one new term. So

taking the time integral of the variation of the Lagrangian, the original terms still go

to zero while we have
2 / Ldt =i / i1 éd”dt. (3.41)

Now pulling the ¢ out front, we pick up a negative sign.

2 / Ldt = —i / é (zglﬂfdﬂ) dt. (3.42)

From here we can see that the conserved quantity is the supercharge ) =
191 Jﬂlé‘] . To get the other supercharge, the same process can be done for the €
part or simply take the complex conjugate of Q to get Qf = —igr l¢”.
Also note that the Lagrangian is also invariant under the phase rotation of the
fermions
Pl — e_mzﬁl,al — e”El; (3.43)
where v is a constant. This can be easily shown by make the substitutions and noting
each term has both of the phase rotations reduce each other. The corresponding

Noether charge for the transformation is
—I
F =g 7. (3.44)

To show this, by the Noether procedure we take v to be time dependent. Doing
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this will only affect the terms containing time derivatives. So looking at the covariant

time derivative terms under this transformation
v m_l —iY, iw_l —iy,J i'y_I —iy, ),
o [0 Dy () = D () e ] = g [0, (e
+ e”@lfiﬁéae’”d}ﬁ — 0 (e”@ > ey’ — Féﬁgz.ﬁo‘ewaﬁe’”w‘]], (3.45)
we can see that most of the phase rotations reduce each other immediately.
i i'y_l —iy, i'y_I —iy i'y_l —iy, 0
t — Dy = ¢
LoD (07 = Dy (751 ) ) = Lguy [0, ()
T T 600 — 0, (70" ) e — Thgeiy | (3.46)
Then evaluating the time derivatives, we get
i iq/_l —iy,/,J iv_I —iy - : iv_I —iy, 1, J
LoD, () = Dy (751 ) e ) = iy [T ey
+ TP e + P TP — e e (3.47)
"0 ey~ Thd "y
Now reducing the remaining phase rotations yields
i i'y_I —iy,/,J i'y_I —iy =g
591J[€ ¢ Dy (e7"y”) — Dy ("9 w]——gu —iy
—I o SSn s a7 P
+' 0p? + YT 250"V — i3 ! — B Tyl — [} 50"0 1/}‘]] - (3.48)
Here we can rewrite this in terms of covariant time derivatives as
i iw_] —iy, ) J iy_I —iy _ =g
QQIJGIDDt(e V) — Dy (€79 v’ —_gIJ =2y
+9' D’ — D@IW] . (3.49)
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Separating the 7 terms out gives us

G0 (7))

+ %QIJ [EIDHUJ - DJIW] : (3.50)

So under this transformation, we have

1 .. ; _ —
L+0L Ziguﬁb[@b‘] + EgIJ <¢1Dt@/}J - Dt¢I¢J>

2
1 —J p—L . I
+ QRIJKLwIw VRO + A (3.51)
This means that
5 / Ldt = / Agrd v dt (3.52)

and the corresponding Noether charge is F' = g; JEIwJ .
3.2 Special Case: S?

For example working on S?, the metric tensor and inverse are

r? 0 L 0
1J 7"
grg = g = s 3.53
0 7r2sin® ¢! 0 ——r ( )
r2sin? ¢l

where {r, ¢!, $?} are {r, 0, ¢} from spherical coordinates respectively. Using the defi-

nition for the connection coefficients, the nonzero connections for S? are

I}, = —sin ¢’ cos ¢' (3.54)

%, =135, = cot¢'. (3.55)
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Here we define the covariant derivatives as

D! = o’ + T 0F

D" = 0" + Tled" .
Using the definition for the Riemann curvature tensor
Rpjkr = gIMRJMKL = gim [8KFJML - aLF%{ + F%NF% - FII‘/JNF]}]K}
the nonzero components of the tensor are

0 r? sin? '
Riokr = —Raixr =
—r2?sin? ¢! 0

Now using
I i —I —I 1 —J g—L
L =59159"6" + Sg1s (W' D? = D' ) + 5 Ruien " 4

as our Lagrangian on S?, expanding everything out gives us

L :%ﬂ {(gbl)Q +sin? ¢! (ézﬂ

2
— 2sin® (¢1) ¥ P YT

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

n ETQ [El <8t1/)1 — sin ¢! cos ¢1q§2¢2) — (atﬂl — sin @' cos ¢1<'b2$2) 1/’1}

Note that due to the symmetry of the last two components of the Riemann curvature

tensor and the antisymmetry of the the fermionic variables, Ri219 = 0 = Ra121. Now

for convenience, we can take all of the common factors from the right hand side to
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the left.
i—g — <¢51)2 + sin” ¢ <¢2>2 (3.62)
+1 [El <8t@/11 — sin ¢! cos ¢1¢2¢2> — <8t51 — sin ¢! cos qblgﬁQEQ) @Dl}
— 2sin? (¢1) 007V

Due to the symmetries the Riemann curvature tensor, the last two terms can be

combined together.
27, N2 N2
ol ((151) + sin? ¢! <¢2> (3.63)
+1 [@1 <8tw1 — sin ¢! cos qb1q52¢2> — <8fﬂl — sin ¢! cos gbquZﬂQ) 1/11}
— 2sin? (") w19 V7Y
Now distributing the sin® ¢', we can regroup the terms as
2L . .
0 e ()
+1 [El (8t@/)1 — sin ¢! cos ¢1¢2¢2> — (&El — sin ¢! cos gblq'bQEQ) P!
+ @2 (sin2 P 9,0% + sin ¢ cos ¢'¢'h? + sin @' cos ¢1<1522/11> (3.64)
— (sin2 ¢1a@2 + sin ¢' cos ¢1¢1E2 + sin ¢' cos ¢1¢2E1) wﬂ
— 2sin’ (¢1) 9PV

Here combining like terms gives us

i—g = <¢1>2 + sin® ¢’ ((]52>2 (3.65)
i |60t — 9" + B (sin? 61 0? + 2sin @' cos 9192
_ <sin2 $19,0° + 2sin ¢! cos ¢1¢%1) 1/;2} — 2sin? (1) Y VU
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Now using the trigonometric identity 2sin ¢' cos ¢* = sin (2¢'), we have
2L [ 2 .91 (2 2
= <¢ ) +sin (¢ ) (3.66)
[ — —2 /. . :
i |00t — 9" + B (sin? 6100 + sin (261) ¢
— (sin? @' 00" + sin (20") 620" ) 02| - 2sin® (o) ¥ 002",
Then grouping the imaginary terms by their leading trigonometric functions, we have
oI, N2 N2
== (qsl) +sin? ¢! (¢2) (3.67)
+1 [El(?ﬂ/zl — &ﬂlwl + sin (2¢1) ¢? (Ezﬁ/]l - 51@52)
sin? ! (B 02 - 000 )| - 25 (01) 01 07
Now taking the variation of the Lagrangian gives us

2L — 2956 1 sin (26%) (82) 60" + 200 0140 + i[5 0" + T oo’

= 0500 — 00" 60" + 2c05 (201) 00! 62 (B0 — ' 0?) (3.68)
+sin (201) (§6%0°0" + GO0V + D00 - 0T Y? — G0 v - ¢ ou?)
+ sin (201 5¢" (%aﬂ/ﬂ . a@zz/ﬂ)
+sin? ¢! (5@2%2 U 00U — B0 — 0@251&)] .
Using integration by parts on the underlined terms, we can combine like terms to
simplify

Qf—f — 2460 + sin (2¢") <q's2>2 56! — 8, (2 sin? ¢1¢'s2> 5% + i [25&1@@@1 (3.69)

— 200" + 2c0s (20) 0667 (70" —'0?) - 060, [sin (26") (v —¥'0?) |
+sin (201) | 26070 + §70°00" — 200 02 — 0 0w + 09 (V0w - 00w
+sin? ¢! (95700 — 00°00%) — 0, (sin @07 ) 60* + 600, (sin® ¢'0?) |.
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Using the supersymmetry relations
00" = ) —ey!
00 = ey’ — ey
Sl = € (iél + sin ¢! cos ¢%2¢2)

—¢ (qu? cot $10 % — cot q%%l) (3.70)
) ( id" + sin @' cosqb@b@b)
5 = ( — cot ngIE »? — cot gblﬁa/)l)
gives us
20L

25 = (b s ao) ()" (' - 0t) - o (2o 016?) (0 - )
+i [2@ (—w’sl + sin ¢! cos ¢%2¢2) Bt — 20,0 e (w&l + sin ¢! cos qs%%?)
+ 2005 (26") (0 — ') 6 (970!~ ¥'v?)
— (0” —ev?) 0, [sin (20") (V0" — 00
+sin (201) 6% (—id? — cot 6" v?) w' + 67’ (i) - % (—id! ) v
~70 e (107 — cot o' B0t ) + (0! —et) (P - 0570?)| (3.7)
+ sin? ¢! [e (—z’qBQ — cot ¢1 % — cot ¢1$¢1) B2
—0’e (i — cot 6" Y? — cot 00" )|
— 9, (sin2 qleZ) € (z'q's2 — cot 61 Y2 — cot qs%%l)
te (—@'g'bZ — cot o' % — cot ¢%2¢1> 9, (sin? MP)] .
Next separating all of the terms by e and € will help us with the mathematical

bookkeeping.
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B {2 0) (#)') 0 - 0 (25 0

(205" (6! + sin o cos 6'0°Y?) + 2c0s (261) ¥ 0!
=~ 0%, [sin (20") (V0! = 0'0?)] +sin (201) [-id1 675"
170" (i = cot 91070 ) + 6 (P00 - 00°v?)]
+5in2 000 (idﬂ — cot 9P 4? — cot qs%%l)
+0, <sm2 ¢%Z) (igb? — cot ¢ — cot q%zq/ﬂﬂ
~2isin® @' (67007 + ¢ ) | (3.72
+ E{ <2;¢1 — sin (2¢) (é“’)z) D+ 0, (2 sin’ qslgz}?) »?
ti [2 <l¢1 + sin ¢! cos ¢>1E2¢2) O + 2 cos (201) 1620 2
+ 0%, [sin (20") (V0" —0'0?) |
e in (260 [ (<8 ot 2) 10870 — 8 (P0? — 0°)]
+sin? ¢! (—@'g# — cot 19 Y2 — cot ¢%2¢1) By
+ (i — cot 609 — cot 015701 ) 0, (sin 01 |
~2isin? ! (20w + ¢1tE7e?) |
By noting that the underlined terms are a total time derivative, they can be dropped

from the Lagrangian without affecting the variation of the action. Also using the

trigonometric identity sin (2¢') = 2sin ¢'cos¢’, we have
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Zf_f — ¢ {Sin (20") <¢2>2E1 — 0y (2sin? 9'6) 7+ [sin (20") 00" 0"y?

+ 2005 (261) 6700 — 070, [sin (26") (V0! 9'?)|
tsin (20') |=id'6%0" + %0 (id? — cot o Bp!) + ¥ (D°0? - 057 0?) |
+sin? 319,00 (z’q's? — cot o' 2 — cot ¢%2¢1>
+0, <sm2 ¢%2) (z’éQ — cot ¢'P Y2 — cot ¢1E2¢1)]
~2isin? ¢! ($0°07 + G g7 ) |
te {— sin (26') (q’52)2 D!+ 8, (2 sin? ¢1¢2> BRI [sin (26") P20t (3.73)

+ 2cos (2¢) DT W2 + 20, [sin (2¢") (EQW - @1@&2)]

+sin (20") 67 (=id? — cot 60 0?) p! +id'd*? — ot (Vow? - 00°?) |
+ sin? ¢! (—i& — cot ¢'P Y2 — cot ¢1E2¢1) 0,12

_ (ws? + cot ¢ ? + cot gblﬁ@bl) 9, (sin? qslzp?)}

—2isin? ¢! ($0' 920" + 1y ") |

Above the underlined terms cancel each other
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[t 8] 05

r2

2005 (2601) 9100 — B0, [sin (26") (870" - P'v?) |
+sin (20') [~id' 6% — 0 ot "B + B (F 0w - 05 0?)|
+sin? 19,0 (@ — cot ¢\ 2 — cot ¢%2¢1)
+0, (sin2 ¢1E2) (zq's? — cot ¢\ 2 — cot qs%zwl)}
~2isin® ¢ (S0 + 0 ') |
te {at (2 sin? ¢1q52> MR [sin (26") P20 (3.74)

205 (260") W' R 4+ 120, [sin (20") (B! - 0'e?))]
+sin (26") [~ cot 901y + 162 — ! ($ 0wt - 00?) |
+sin? ¢! (=i — cot 69" ¥? — cot ¢ YY" ) 2
+ (—z@&ﬁ — cot ¢ % — cot ¢%2¢1) 9, (sin? ¢1¢2)}
—2isin? ! (0wt + 61T |
By using integration by parts on the +i¢? terms to isolate 1, we can cancel it with

one of partial time derivatives
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201
BTR

— . {—at (sin2 ¢1¢2) O+ [Sin (26") 0,55 v

T 2c0s (20) §' 670! — 570, [sin (26") (V70! — B'0?) |
+sin (20') [=id! 67 - 670" cot 00w + B (V007 — 00" v?))|
—sin? @' cot ¢'0,5” (4142 + 0"
+0, <sin2 ¢%2) (@ — cot ¢\ 2 — cot qs%zwl)}
~2isin® ¢ (S0 + 0 ') |
te {at (2 sin? ¢1q52> MR [sin (26) P 20" (3.75)

205 (260") W' R 4+ 120, [sin (20") (B! - 0'e?))]
+sin (26") [~ cot 901y + 162 — ! ($ 0wt - 00?) |
+sin? ¢! (=i — cot 69" ¥? — cot ¢ YY" ) 2
+ (—wz — cot ¢ % — cot ¢%2¢1) 9, (sin? ¢1¢2)}
—2isin? ! (0wt + 61T |
Again using integration by parts on the £i¢® terms will cancel with the remaining

underlined terms above
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2f—2L — ie {sin (26") 9,0" 50 + 2005 (20") §' 670!

=070, [sin (26") (F°0' — 0'v?)|
+sin (201) |67 cot '0"0! + 9" (V0w — 0" |
— sin? ' cot 9'0,0° (40 + ) — cot @10, (sin? '0°) (9102 + 0"
—2sin? ¢! ($0°07" + 0070 ) |

+ie {sin (26") P20 + 2cos (20 ' 2D 2 (3.76)
+ 0%, [sin (201) (V0" - 007 |
+sin (261) [~ cot 016 ! — ¢ (V00 - 09°0?)|
—sin? ¢! cot ! (802 + DY) ® — cot o' (V142 + 570 ) 0, (sin® o'?)
~2sin? o (P00 + 6B e?) |

Noting the gz32 terms, we can use trigonometric identities and some rearranging of the

fermionic variables
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L e fsin (20) 7702 + 2 (cos® ¢! — sin® 6!) T 47!

=070, [sin (26") (870" = P | - 2c08 0! %01y

+sin (201) U (V'O — 087u?) —sin? @' cot6'0,5” (¥4 + 0"y

—cot 910, (sin? o'5°) (10 + 070" ) — 2sin? ¢! ($07 ' — #0107 ) |
e {sin (20") P UR00" + 2 (cos? o' — sin® ¢') 1By (3.77)

+ 020, [sin (201) (P70 = 9'0?)| - 2c08? 0 ¢201 0" y?

—sin (20") 0 (@°00° — 90°y?) —sin’ ¢’ cot o (902 + 90" ) O”

—cotg! (802 + Y1) 0, (sin? ¢'0?) - 2sin? @' (—6H DR+ Hu U N2 |

so that they can cancel each other.

2;5—2L — e {sm (26") 0,0 G Y2 — 070, [sin (26") @%1 - Elw)]

+sin (20") &' ($ 02 - 00°0?) — sin® o cot 910,57 (0% + U
—cot @10, (sin” 6'5") (902 + 90" ) - 26in? 01910 V7 |
+it {sin (20") P uot + 020, [sin (20") (V"0 = §'0?) | (3.78)

—sin (20) o' (V02 - 03°0?) — sin? o' cot o (U142 + 670 ) 90
—cot ¢! (U142 +070") 0y (sin? ¢'9?) — 2sin? 91§72 |

Then using integration by parts on the underlined terms gives us
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2%L e {sin (2(;51) 8@1@21?2 + 8@2 [sin (2¢1) (Ezwl - M)}

+sin (20) 9 (9° 0% — 00°6?) — sin® o' cot ' 00" (14 + 670"
—cot @', (sin? 9'7") (T2 +9°pt) — 25in 9190 07 |

e {sin (26") V200" — u? [sin (26") (80!~ 0'v?))] (3.79)
—sin (26") v (V*00° — 00°9?) — sin® @' cot @' (V02 + Y1) O
—cotg! (§'02 + ") 0, (sin? ¢'0?) — 2sin? 91910 P p2 )

Then the underlined terms cancel each other giving us

208 — e {sin (26") 007 + sin (26") 07T "
+sin (201) 00 00? — sin® ¢ cot 610, @W n E%l)
—cot ¢'0, (sin¢'%") (0107 + ') - 2sin? ¢1M2W1}
+ie {sin (26") D¢20,0" + sin (261) 9,20 v (3.80)

+sin (261) 61 0°Y? — sin® ¢' cot 6" (B0 + 670" ) O
—cotg! (802 + P'Y1) 9, (sin® 9'0?) — 2sin? 9191y 0 w2

Evaluating the time derivatives gives us
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20L

7’2

= je {sm (2¢1) 0, 1/1 w wz 4 sin (2(]51) 0, w w 1/11

+sin (26") %' 0% — 2sin® ' cot 610, (EW + W@bl)
— cot g sin (261) $ T R - 250 9101 |

+ie {Sin (26") B 200" + sin (261) D20 2 (3.81)
+sin (20) 9100°Y? — 2sin® ' cot o' (802 +P°p") Oy

— cot ¢! sin (2¢1) ¢51E2¢1¢2 — 2sin? gblqglleQ@/)Q} :
Using trigonometric identities here simplify the underlined terms to get

20L

= = ie{sin (261) 05 PV + sin (20") 00°0 "y
+sin (201) 910700 — sin (261) 9" (9'9? + 90"
ot sin (261) 9155 0? — 2sin? 0161075
+ie {sm (26") D ¢20," + sin (261) 9,075 v (3.82)
+sin (2601) 000" 02 — sin (20') (8102 + D'p1) G2
—cot ' sin (20") 19712 - 2sin 9191y Py |

Here the underlined terms cancel each other to get

2L = i€ {Sin (2¢") (9,@1@2@/12 +sin (2¢') ¥ %U Oyp? — sin (2¢") 8t¢ @D »?

T2
—cot ¢ sin (2¢1)¢1@2E1¢ — 2sin® ¢l w ) }
e {sin (26") B*V200" + sin (201) ' 00°0? — sin (20') P 9Y*  (3.83)
—cot ¢ sin (2¢1)¢51E Plp? — 2sin? ¢l lapleh @/12} .

Simplifying the underlined terms using trigonometric identities gives us
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25_[/ yy {Sjn (2¢1) atEIEZwQ + sin (2¢1) E1E28tw2 sin (2¢1> 815E2E1w2

r2
~2c0s? §11TT R — 2sin 06T}
+iE {sin (20") P 20" + sin (201) V'O Y — sin (261) PP 9°  (3.84)
~2c0s ¢ @Y Y — 2sin? 6161 Py |
Here we can rearrange the fermionic variables to get

2;5—2L — e {sin (20") 0 " 9* + sin (201) ¢ 9 O

+sin (2gb1) EI@@%? + 2(COS2 o' — sin? qbl)gz%lEl%QwQ}
e {sin (26") 0 D7 + sin (201) 6000 (3.85)
+sin (201) 10O + 2(cos? ¢ — sin’ ¢1)¢51¢%2¢2} .

Using the double angle cosine trigonometric identity on the underlined terms, we get

2;5—2]3 — e {sin (20") 0 " + sin (20") ¥ 04y

+ sin (2q§1) Elﬁﬂwﬂ + 2cos (2¢1) $1@1E2w2}
tiz {sm (26") D" 0 + sin (261) 410,012 (3.86)
+sin (20) VP07 + 2cos (20') @100 Y2}

Here we can note that

8, [sm (26") Elmﬂ = 2c0s (20") 3% P Y2 + sin (261) 0,0 P12 (3.87)
+sin (261) ' 0% + sin (201) 6 0,

O [sin (20") 0| = 2c08 (20) 9"V Y +sin (20) 1T (3.89)
+sin (261) 19 ) + sin (201) 1P 9%,
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Since these are total time derivatives, we have that
0S =9 / Ldt =0.
Following from eq.(3.43), the supercharges are
Q=i (49" +sin® 90" ?)
Q' = —ir® (419! +sin? ¢ly2g?)
while from eq.(3.45), the Noether charge is
F=r? (ﬂlvﬁl + sin? ¢1E2@/J2> .

To check this, we take the fully expanded variation of the Lagrangian as
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26_L —f { (i‘ﬁl + sin (2¢1) <¢2)2) El — 0 (2 sin” ¢1q'§2) E2

(205" (16! + sin ¢ cos 6'0°Y?) + 2c0s (261) ¥y
0’0, [sin (20") (@°0' — B'¢?)]
+sin (261) =i 67" + §%0" (16" — cot o0t ) + 9" (V' 0w® — 00" |
+sin? ¢ (i6? — cot 915 — cot 60"
10, (sin? '5°) (i — cot ¢'0"v? — cot 6"y
~2isin® o' ($'0° ' + ¢y ) |
+e { <2;¢51 — sin (2¢) (@2)2> U+ 0, (2sin? 9162 v (3.93)
(2 (<id! + sin ' cos 'U°Y?) 9’ + 2c0s (201) ¥ 67"y
+ 0%, [sin (20") (V0" — 00|
e in (260 [ (<8 ot 2) 10600~ 8 (Po? - 00°)]
+sin? 6" (—id? — cot 69 Y? — cot 'Yy ) y?
+ (—id? — cot 652 — cot 9197y B (sin® 61?)]
~2isin? ¢! (0w + @10 |

72

By noting that the underlined terms are part total time derivative, we can say
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2;5—2L = 26’&1@1 + € {sin (2¢1) (&)2 El — O <2 sin? ¢1<;52) E2

+i [28@1 sin ¢! cos ¢' 5 12 + 2cos (201) %' $*P !
0’0, [sin (20") (@°0' — B'¢?)]
+sin (26") | =id'¢%0° + 670" (i6? — cot 6 0*v!) + 0" (Va0 - 000 |
+sin® ¢! 0,0 (i& — cot ¢\ % — cot ¢1E2¢1)
+0, (sin2 qlez) (W — cot ¢ 0 2 — cot ¢1E2¢1)]
~2isin® o' ($'0° ' + ¢y ) |
T {—Sin (26") (&2) SOl o, (2 sin? ¢1q's2) W? (3.94)

+i [2 sin ¢! cos ' 97?0 + 2 cos (26") ' 620 v
+ %0, [sin (26") (V0 = ¥'v?)]
+sin (20') [ 82 (—id? — cot o' v?) 0! +id'¢*? — ot (P ow? - 03°?) |
+sin? 6" (—id? — cot 69 Y? — cot 'Yy ) y?
+ (—id? — cot 652 — cot 9197y B (sin® 61?)]
~2isin? ¢! (0w + @10 |
Here the underlined terms cancel each other. Also using the double angle Sine identity,

we have
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Qf—QL = %Y + e {—at (2 sin? ¢1¢2> 0

+i [sin (2¢") O P ? + 2 cos (2¢") G Ty
0’0, [sin (20") (2°0' = 0'¢?)]
+sin (267) | =id'§20° — cot 667 0 0! + 0 (V02 - 00"v?))|
+sin? 60,0 (i6* — cot 660 — cot 60" )
+0, (sin2 gz%z) (m’? — cot 619 Y2 — cot ¢%2¢1)]
~2isin® o' (§'9°u + ¢ ) |
— 2%l +€ {at (2 sin’ qslgz;?) Y2 (3.95)

+i [sin (20") D 200" + 2 cos (201) ¥' 7 Y

+ 0%, [sin (20") (V0" — ') |

+sin (201) |- cot @' w2t + i1 G — vt (DR - 00"
+sin? ¢! (—id? — cot 69 Y? — cot 'Yy ) ?

+ (=i — cot 6B — cot 91971 0 (sin® 1%

—2isin? ! (20w + ¢10tee?) |

Then using integration by parts on the iz’qp terms terms to isolate EQ, we get
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Qf—QL — 2% 4 ésin? @'Y + € {—at <sin2 ¢1¢2> s

+i [sin (2¢") O P ? + 2 cos (2¢") G Ty
0’0, [sin (20") (2°0' = 0'¢?)]
+sin (201) | =id %0 — cot 667 0 0! + 0 (V0 - 00"v?))|
—sin?¢' O (cot ¢ Y2 + cot ¢152w1>
+0, (sin2 gz%z) (@ — cot 619 Y2 — cot ¢%2¢1)]
~2isin® o' (§'9°u + ¢ ) |
— 26"t — esin® @l + € {@ (sm2 ¢1q's2> Y? (3.96)

+i [sin (20") D 200" + 2 cos (201) ¥' 7 Y

+ 020, [sin (20') (V70! - ')

+sin (201) |- cot @' w2t + i 6R — v (DR - 00"
—sin® ¢! (cot S 2 + cot q%%l) B?

+ (=id? — cot 95 0? — cot 6'0"y") § (sin? 0'0?) |

—2isin? ! (20w + ¢10tee?) |

Then using integration by parts again on the iiqp, we get
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25—2L — 2D + 2esin? ¢1470 + € {z [sin (26") 0,9 % 0
T

+2c0s (201) 9~ T [sin (20") (V0! - 5'v?)]
+sin (2¢") [—Cot GO G Y+ D @Qaﬂﬁ - 8@21#2)}
— sin2 10,0 (cot P Y2 + cot d)%%l)

9, <sin2 gblﬁ) (cot ¢ P + cot gb%zwﬂ

—2isin® ¢! (dﬂ@%%l + PP )}

_ 2edlpt — %sin? 1P + {z [sin (26") 9" 20" (3.97)
+2cos (201) V' F7P U + %0, [sin (20") (EZW - Elifﬂ
+sin (2¢") [—cowlq’%%p%l — ! (EQ&M - aﬁzﬁ?)]
_sin? ¢! (cot S0 + cot ¢%2¢1> B2
_ (cot Gl % + cot qﬁ%%l) 0; (sin” ¢1"¢2)]

2 gin? ¢! (M n d)lw%%?) } .

Here the underline terms cancel each other out as they did earlier.
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2L - -
T2 =2 + 2esin? 91 %
T

e sin (20 0 00?  Fa [sn 201) (70 - 707)|

+sin (201) 6 (V002 = 95°0?) — sin? 6100 (cot 0Py + cot 69" )
—0 (sin2 ¢1E2> (cot gblﬁll/ﬁ + cot nglEle)} — 2isin? ¢1¢1E2¢2@1}
— 2ed' ! — 2esin® ¢ PPy’ (3.98)

+¢ {z {sin (2¢") D200 + %0, [sm (2¢") @le — Elqﬁ) }

—sin (201) 9! (V0% — 570?) — sin? ' (cot 9150 + cot 9Py ) 90
— (cot @52 + cot 6 F1) 4 (sin® o'u?) | — 2isin? 0! 90}
Now using integration by parts on the underlined terms gives us

QE—QL — 21" + 2¢sin? 9P — iesin (20) PP 2

+e{i[sin (20") 90" 0°Y? + 99 [sin (20") (870" — ¥'v?)]
+sin (26) 7' (ﬁaﬂ/ﬁ — M) —sin? $'9,0° (cot AT ? + cot ¢%2¢1>
—0, (sin? 1) (cot ¢19"9? + cot 91971 ) | — 2isin® 19197y |
— %'t — 2esin® ¢ % — iésin (291) 7P ! (3.99)
e {i [sin (20") P w200 - 0? [sin (26") (80" - 502
—sin (201) ¢! (F°00* — 570?) — sin? ' (cot 9150 + cot 9Py ) 90?
_ (cot S0 2 + cot ¢1E2¢1> d, (sin? MP)] — 2jsin? ¢1¢1¢1$¢2} .

Now using integration by parts on the underlined terms gives us
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2;5—2[’ — 2P + 2¢sin? ¢ 7Y — iesin (26) PP 2

e {i [sin (201) 05 0°02 + 00" sin (261) BV + sin (261) 9167002

— sin? 19,0 <cot ' Y2 + cot ¢%Q¢1>

~0; (sin? 00 ) (cot 69" 42 + cot M%ﬁl)] — 2isin’ ¢1¢3%2w2$}
— 2ep"y! — 2€sin? ¢'¢%? — iesin (2¢") e (3.100)
+e {2 [sin (26") T ¢20,0" + O? sin (261) B2 + sin (261) 410 v

— sin? ¢! (Cot ST 2 + cot qﬁ%%l) B,°

_ (cot S0 2 + cot ¢%2¢1) d, (sin? ¢1¢2)] — 2 sin? ¢1¢1¢1w2¢2} .

Expanding the derivatives here allows us to say

2;5—2L — 21 + 2¢sin? ' ¢7P — iesin (261) PP 2

+ e {i [sin (20) 90" F°0? + 0 sin (26") 6" +sin (261) ¥ P O?
—2sin? ¢'9,0° (cot S0 2 4 cot qs%?wl) — sin (2¢") cot ¢1¢%2E1¢2]
~2isin? ¢ 915"y }

— 2ep"y! — 2€sin? ¢'¢%P? — iesin (2¢") e (3.101)

@ {i [sin (20") B 020" + 0% sin (261) B0 + sin (261) 0105702
—2in? ¢! (cot D 2 + cot qs%%l) * — sin (26" cot ¢1¢1@2¢1¢Q]
~2isin® 9191y P y2 )

Using the double angle sine identity, we get
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2;5_2L = 2€'¢%1 + 2¢ sin? ¢1¢2E2 — iésin (2¢1) E2E1w2

+ e {isin (20) |00 0 0 + 00D Y + P 0 O
—0" P = 0 T - cot ¢! D R — 2isin 910157 |
— 2edlp! — 2esin® ¢ldy? — iesin (201) 2P Y (3.102)
+z {z sin (26') [EW@W IR, Wt
—0 PO — BP0 — cot oGP VR — 2isin? 691 Y Y}
This allows us to simplify the equation, to get

Qf—QL — 2D + 2ésin2 ¢! 2" — iésin (20) VY Y

+ e {isin (20') |08 002 + 60007 - 90702 — cot 01077

~2isin® 91915707 |
— 2ep"! — 2€sin? ¢'¢*Y? — iesin (2¢") ey (3.103)
e{isin (20) [ 020" + 'O U — PV OR - cot 6115 1)
~2jsin? ¢1¢1¢1E2¢2} .

Here we can rearrange this to get
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2;5—2L — 21 + 2ésin? 917" +iésin (201) PP Y

e [sin (26") (98 0" u + 000 + 0105 0?)
+2 (cos? 0" — sin? ¢') 695702
— %'t — 2esin® ¢l d*y? + iésin (201) 1P (3.104)
+iE [sin (2¢") (atw%ﬂﬁ o + w%ﬁ%)
+2 (cos? 0" —sin¢") ¢ 502
Using the cos (2¢!) = cos? ¢! — sin® ¢!, we have

2;5—2L — 2 +2¢sin? ¢ ¢7Y” + iésin (201) PP

e [sin (201) (00002 + 0000 + 01057 ?) + 2cos (201) 605702
—2e¢")! — 2€sin’ ¢'9*Y? + iesin (2¢") DD (3.105)
+ i [sin (20") (8,5@0%21/)2 Lo Y + @b%z&:@/ﬂ) +2cos (2¢") gbl@z)%%?} .

Noting that the everything other than the two underlined terms are part of a total

time derivative, we have that
5L = ér? (q'a%l + sin? ¢1¢2$) — &2 (Wﬂ + gin? ¢1¢52¢2) . (3.106)
Now integrating everything over time and pulling out an —i,

SLdt — —i / {éz’r2 (é%l + sin? ¢1<;'%2) _ir? (é%pl + sin? ¢1¢2¢2> } dt, (3.107)
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we have that

0 = ir? <¢%l + gin? qb%%z) (3.108)
Of = —ir? <¢'>1¢1 + sin? ¢1¢52¢2) (3.109)
which is exactly what we calculated before.

Now to check the Noether charge F', we can look at Lagrangian from eq.(3.68)

under time-dependant phase rotation of the fermions.

2(L +4L)

r2

= <$1>2 + sin? ¢! <q52)2 +1 [e”@lﬁt (e’ivwl) — O (e"”*El) e !
+sin (20) 62 (V0! = P'u?) +sin ¢! (7670, (70 (3.110)
_at (ei’}l@2) 67i'¥,¢2>:| _ ZSiD2 (¢1) 1/}1@21#2@1.

Evaluating the derivatives gives us

2(L:;5L) _ (¢1)2 + sin® ¢! <¢2>2 (3.111)
i [P+ Ot — B — 0 ! +sin (201) 62 (970! - B2
tsin? o (i3 02 + 7 0w? — i50°0? — 0w
— 2sin? (¢') 'Y

Now combining like terms gives us

2(L +4L)

r2

= (¢1)2 + sin? ¢! (&)2 i [-2040 0+ 9 0t — 0"y (3.112)
+sin (2¢) &2 (@%1 - EWP) + sin? ¢! (—QZWW PO — 8@21#2)}
— 2sin? (¢") 'Y U
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Since this only adds two terms to the Lagrangian we have that
5L = 412 (Elwl + sin? ¢%21/;2) . (3.113)
So take an integral over time
SLdt = / 42 (Elw + gin? ¢1E2¢2) dt (3.114)
means that
F= (Elwl + sin? g%%z) , (3.115)
which matches the earlier calculation.
3.3 Superfield Formalism

Under the Superfield formalism in 1D, the SUSY Lagrangian can be derived
using

1 —
Lsusy = 5gU(cp)DcIﬂchJ, (3.116)

where ® is a superfield, D and D are operators defined as

D = 0y — 00, (3.117)
D = —3; +i00; (3.118)

where
0p00 = —0. (3.119)

Here 6 and 6 are fermionic variables that augment physical space and are orthogonal

to the 1D space. For our purposes, we take the i*" component of the superfield ® to
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be

o = ¢l oy + 0y +ibOF, (3.120)
where F'! is a bosonic function representing an auxiliary field to be determined later.
The initial ordering of the § and @ does not matter as long as we stick to the ordering

through out the derivation.

Now using the operators on a component of the superfield, we get
Do =4 —i0F! + 04" + i000,0" (3.121)
D®7 = —p) —i0F’ — i6¢” + i000,y” . (3.122)
Then multiplying them together yields
DO DD’ = — 5 y! — G FY + 09’ &7 + 609" 907
—i0F" — 00F F? — 00F 7 — 6"’ (3.123)
L O8BFY + 0067 — 1000, 0.
Now taking g;;(®P) as an expansion to be

g[J((I)) =grJ+ 98791J1W + gﬁwguw + 9@ (i@ngF'V - 6785g1ﬂ/f@6> y (3124)

and keeping only the 66 terms, the Lagrangian becomes

. — —5— : —
2L = — i0, g1 P 0 + 0,051 /070 0 7 — i0,gr 0 FY
+ zﬁwguw@%" +igrsd O’ + 10,9150  F'yp” — gr, F'FY (3.125)

. . . . . . . _I
— g1 F1o7 400,910 6" + g1 FY + g156" 07 —igr00 ¢
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Assuming that g7 is symmetric, the two underlined terms cancel each other.

. — —5— : —
2L = — i0, g1 P 0 + 0,051,070 % 7 — i0,gr 0 FY
+ zﬁwguw@%" + igualaﬂw +i0,g1,0 F'y? — gr,F'F7 (3.126)

+ if%ga?é%" + 910’7 — igIJﬁtwle-

Now to find F'*, we take the variation of Lagrangian with respect to the bosonic

functions F'* and set it equal to zero.
—i0,910 Y SFY — 0,9 0070 SF7 + i0,g; 70 W' SF! — 29, FISF) =0 (3.127)
Here rearranging the indices on the first three terms gives us
291, FI6F7 = —i0q1. 0 V6F — i0;g, 0" 0 6FY +i0,g;,0 WI6F7,  (3.128)
or more simply as
QQIJFI = —Z'aJQIWEIIW - ic‘?zgwwIW + iaygIJW@D]- (3-129)

Now swapping the order of the fermionic variables in the second term yields a negative
sign

. —I . . —
291 F! = —id;g1,0 7 + 1019, 50 0" + 0,910 ). (3.130)

Then noting again that the metric tensor is symmetric in the first te, we can say that

|1
g F! =i 3 (=011, + Orgys + Ovgrs) | 9" (3.131)
Here we can note that inside the bracket is a Christoffel symbol of the first kind.

g Ft =il . (3.132)

Finally we can multiply both sides of the equation with g/ to get a Christoffel symbol
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of the second kind.

=il . (3.133)
After finding F'*, we can use this inside the Lagrangian to get
—I—a
2L =0, g1, 000" 70 "W 10,0590 T 7 + 0,91 g0V Y’
+ 0, gD G+ gl O — 0y T P (3.134)

+ graT LT 0" P ) + 80,9150 6" + 9170 &7 — igrs000" 7.

Now looking more closely at the underlined terms, we can swap the order of the

fermionic variables in the last two terms to have the same form as the first to get

0,907 0 W0 W + 0,91 T g0 D O — 8,1 L P Py (3.135)
= 8,91 T8 WP 7 — 8,1 T8 WP 7 — 8,1, TL 0" Py,

Similarly, we can relabel the indices in the last two terms to have the same fo as the

first to get

Osgr T WP O + 0,910 076 0P — 0,91 T 0 Py (3.136)

= —(=0,915 + 0191y + 919+s) FZQEQWEITW-

From here we can see in the parenthesis that there are two Christoffel symbols of the

first kind.

0,917 0 WD W 4 0,91 T2 D P — 8,1 TL b P P (3.137)

= _QFIJVFlganﬂ@ W’
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Now using I'77, = g7}, we can say that
—a —I —I[—« —a
0,915 U0 g0 WP 7 + 0,91, T L7 0 — 0ygr T gt g oy (3.138)
m —a  g—1
= —2gmeuFlgw w% Q/JJ-
Using this, the Lagrangian becomes
—a —5—I : —I ; R
2L = — 291JF§5Fi5¢ VPP + 0,05 91,0 D b + 00,9107 7+ igrb O?
—x . . . . . _I
+ g1sTh 050 VY 40,9150 YT + 9107 — igrion ¥ (3.139)
For simplicity, we can rewrite this as
. . . _I . _I . _I
2L =g1;0"¢7 +i (&guww &7+ gra O’ + 0,910 6" — grs 0 W])
—5—1 —a
+ 0505917070 0 Y7 — graTagTs0 7 . (3.140)

Now using integration by parts on the imaginary portion of the Lagrangian for the

underlined terms we get
—QIJatEITPJ = 791J¢7E1¢J + QIJEI@W] (3.141)
QIJEI&IDJ =— 791J¢7$I¢J — guaﬂlw‘]. (3.142)

Now for each of these equations, we can break up the first term into two pieces and

rearrange the indices to get

— 1 — 1 . —
9100 ¥ = 30,91,70 0 — S019,6" 070 + 910 0 (3.143)

— 1 . 1 . —
9150 0" = =50,910670 V7 = 50,91,670 W — g0 W (3.144)
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Then adding these two equations together gives us

—I —I 1 I —I 1 I | —I
9150 O — grs 0 7 = 5 L9197 U+ grob O — §aw91J¢W¢I¢ — 910 7
(3.145)
Similarly, we can break up the non-underlined terms of the imaginary portion of the

Lagrangian into two pieces and rearrange the indices to get

0,91070 ¢ = —% L1 0 T + %c‘bgﬁ%"? (3.146)
0,910 "7 = —%f%gudi%"w + %ajgm%"w (3.147)

Now adding up these last three equations gives us

&ygul/ﬂgléj + QIJEI@W] + a’ygIJwgble — gIJatEI@Z}J

1 . _ 1 . _ _
=75 vguwwliﬂ‘] + glﬂﬁlatlﬁj 3 791J¢7¢I¢J — guatwlw" (3.148)
1 r—J 1 . 1 . 1 —
3 791J¢11/1 YT+ 5&9@%"@” ) vgugbll/fjv + 53J917¢I¢ (CA

Then grouping the underlined terms and the non-underlined terms together, we can

say that
_ 1 R 1 . 1 .
_gIJatwle - 58791J¢7¢I¢J + 5&7917@5[@&‘]? — §8VgU¢I¢JW (3149)
_ 1 .
= —guaﬂﬂlﬂbj + [5 (019~s + 0y91y — ngJ)] RSV
— 1 R 1 . 1 e
glﬂ/flaﬂ/f] — 55791J¢7¢I¢J - 58791J¢I¢J¢7 + §5Jgh¢lew7 (3.150)

_ 1 R
= gfﬂ/)[at@/f] - [5 (01977 — Ovg15 + 3J91«/)] ¢I¢J¢V~
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Now inside the brackets, we have Christoffel symbols of the first kind.

_ 1 . 1 . 1 .
0110 = 50,9108 0 + 50190000 — S0,01,0"T0 (3151)
= —QIJ@@I@/JJ + FIJWCZBI@/)JEV
— 1 . _ 1 R 1 R
91J¢Iath — 55791J¢7¢1¢J - 58791J¢I¢J¢7 + §5J917¢I¢J¢7 (3.152)
= QIJalatl/)J + FIJwﬁf.?IEJlW‘

Now using I'7;, = gL'}, we can say that

—ngat@IW - %&yguq‘ﬁﬂldﬂ + %a}g]vq'ﬁlz/fjw — %a,yg[J(zBIwJW (3153)
= —91J (@El + Fiﬁﬂ'y@é}) W’
guﬁlé‘ﬂﬁ" — %(%Qquﬂlaj — %QQUQIVEJ@W + %a]gmdg[w]wv (3.154)
= gIJEI <8t¢‘] + Fgﬁéawﬁ) .

By noting the the terms inside the parenthesis are covariant time derivatives D;, we

get
-1 5 1 iy g 1 g 1 13 S e =TI
—gr 0 7 — anguﬁb YT+ §5J917¢ i — anguﬁb Vi = —gry D
(3.155)
— 1 . _ 1 R 1 R _
9150 0" = 50,9106 — 50,9108 6 + S0s91,8"8 V7 = 916 D’
(3.156)

This makes the imaginary portion of the Lagrangian becomes

091,078 &7 + grsd' O’ + 0,910 ST — 9100 7 (3.157)

—I —I
= —grs Db 7 + g1 Dip”.
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By integration by parts, we have
P vl g Tla g YT =
L g1V Y @7 + grab Opb” + Oygrab ¢ — graOph (3.158)
—I —I
= 91D " — grs D’
Therefore the Lagrangian becomes
I . —I —I
2L =g1,¢"¢7 +i (gIJth ! — g thj) (3.159)
—5—1 —a g
+ 0,051,000 T — graTaglis v v,

Now for the terms with second derivative of the metric tensor, we can it up into two

terms and rearrange the indices to get
o . —I —I
2L =g1,0"¢7 +i <QIJDt¢ ! — g DHW) (3.160)
1 —5—1 —a
+ 5 (0405915 + 0105956) W07 — g1 Tag DIt Y70 g,
Then for the last two terms, we can swap the order of the ¥ to get
o . —I —I
2L =g1,0'¢7 +i <91JDt¢ O — g0 DHN) (3.161)
1 —5 T —y s
+ 5 (0405915 + 0101g45) Wb " + gurégriﬁﬁ%ﬂd)é@/} .

Note that since the metric tensor is symmetric while the ¢ are antisymmetric we can

subtract off terms that are equal to zero.

2L =gr;9' 7 +i (gIJDtEIwJ - QIJ@IDWJ>

1 5
+ 5 (0205915 + 019195 = D159, — 0,05915) 6 W (3.162)

+ g1 (Figria - Fiyréa) ¢BW¢5@Q-

Next note that the underline terms are equivalent to the Riemann-Curvature tensor
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Rrjkr to get
I . —I —I —J =L
2L = g1s0" 6" +i (9o D'V — 910" D’ ) + Rugr 6 650", (3.163)

Therefore the Lagrangian is

0

L= %91J¢I¢J + 5 (91JD1‘E1¢J - QIJJIDMJ) + %RIJKLwIEJ¢KEL> (3.164)

which is the same as before.

Also the SUSY relationships can be easily derived from

60! = eQd! + cQd! (3.165)

where
Q = 9y + 100, (3.166)
Q = —d; — i60,. (3.167)

So having @ and Q act on the superfield

Q! = —! —i0F! + 09" — i00o’ (3.168)

00! = —ioF! —i0d" —i000,0" (3.169)
and taking the variation of the superfield

5! + 050" + 850" + i005F! = 60", (3.170)
we have

56! + 059! + 059" +i05F! =€ (—zpf —fF +if! — wéatwf>

te (EI —OFT — i) — z‘@@f)ﬁ) . (3.171)
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Now equating the coefficients of the fermionic variables 6 and @ yields

5ol = e’ —ey! (3.172)
sl = ¢ <z’q§l + z'FI) (3.173)
50 —¢ (—idﬂ + iFJ) . (3.174)

Now plugging in F! = il“{w@az/zﬂ gives us

5ol = e’ — e’ (3.175)
Sl = e (z'qbf . Fgﬁawﬁ) . (3.176)
5y =€ (—iq'sj . rgﬁaa@zﬁ) (3.177)

3.4 Hamiltonian Picture

Now to quantize our system, in general we can find the conjugate momenta as

pr= 091 = 9179 (3.178)
oL .=
7T¢I = W = Zglﬂb (3179)

with the canonical (anti-)commutation relations

[¢",ps] = id} (3.180)

—J
{09y =g"". (3.181)
For on S?, the conjugate momenta are

pr=r’¢! (3.182)

pe = r2sin? ' g2 (3.183)

67



Having the general form of conjugate momenta allows the supercharges to be rewritten

in terms on the conjugate momenta p; given by

—I
Q=14 pr (3.184)
QF = —ip;. (3.185)
Doing this for the S? supercharges yields the same result.
To find the quantum mechanical version of the Hamiltonian H, we need to con-

sider the ordering of the operators. In order to maintain the desired supersymmetry,

we will keep the ordering of the supersymmetric Hamiltonian as

{Q,Q"} = 2H. (3.186)

Also note that the supercharges @ and Q' have the opposite F-charge

[F,Q)=@Q (3.187)
[F,Q] = -Q. (3.188)

Consequently, is easy to see that F' commutes with the Hamiltonian H
[H,F] = 0. (3.189)

This means that F' is a conserved charge in the quantum theory. Since F' generaterms
the phase rotation, shown earlier in the Noether charge derivation, we can call this
the femri number operator.

To finish up the quantization process, we need to specify the representation of
the above algebra of observables. Here a natural choice is to use the representation

on the space of differential forms,

H=Q(M)®C, (3.190)



paired with the Hermitian inner product

<UJ1,UJ2> = / wi N *Wa, (3191)
M

where * is the Hodge star operator. The observables are represented on this Hilbert

space as the operators given by

o' =l (3.192)
pr = —iVy, (3.193)
¢ = dal A, (3.194)
%ZJI = 9”68/890‘7, (3.195)

where the dot represents the act of multiplication, V; is the covariant derivative,
dx! is a differential form, A is an anti-symmetric product, and ¢y, is the operation of
contraction of the differential form with the vector field V.

To show that these observables can be represented as these operators, all we
need to show is that they preserve the (anti-)commutation relationships. For the

commutator we have

(@' ps] = [2", =iV/]

= —1 [.TI,V]]
— (;UIVJ — VJxI) (3.196)
= —i (a:'IVJ — (5§ — xIVJ)

For the anti-commutator acting on a p-forms, we have to consider two cases: when
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J e{iy,...,ip} or when J & {iy,...,i,}. So when J € {iy,...,i,} we have

{wl,@‘]}dx“ AL Ndx' = {gIKba/azK, de/ AYdz™ A LA datr (3.197)
= (9" vojaercda” N +da’ A g™ 150, ) dz™ AN da
= gIK (dx‘]/\) Lo 9xK (dxi1 Ao A dacip)
= g% (1) da? Adat AL AN AT AdT N LA da

= gldx AL A dar.
Now for when J ¢ {iy,...,i,}, we have

(7 G Y A A dair = {9 1 jpur, da? AYda A LA da? (3.198)
= (gIKLa/adel’J A +dz’ A gIKLa/axK) dz A ... AN dx®
= g6 da" AL A da

= gda"™ N N datr.

Here the supercharges are given as

Q=i pr=di' NV, =da' N =d (3.199)
Qf = —ip'pr = —g"iy/p, V1 = d' (3.200)
where d is the exterior derivative acting on differential forms and 0; = %. This

makes the Hamiltonian H become

(dd' + d'd) = %A (3.201)

N | —

H=3{Q.Q} =

where A is the Laplace-Beltrami operator. Thus, the supersymmetric ground states,
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or the zero energy states, are simply the harmonic forms
Hioy = H(M,g) = PH (M, g), (3.202)
p=0

where H (M, g) is the space of harmonic forms of the Riemannian manifold (M, g),
and HP(M, g) is the space of harmonic p-forms.

Now recall that the space of supersymmetric ground states can be characterized
as the cohomology of the Q)-operator. In the present case, since there is a conserved

charge F' with
[F,Q] =@, (3.203)
the @-complex and the )-cohomology are graded by the fermion number
Florm) = pld. (3.204)

Since this is the form-degree and () is identified as the exterior derivative d, the graded

()-cohomology is the de Rham cohomology [9]
H(Q) = HY (M), (3.205)
From the general structure of supersymmetric quantum mechanics, we have
Hoy =H(M,g) = H*(Q) = Hpr(Q). (3.206)
With respect to the F-charge, this refines to

HP (M, g) = Hpp(Q). (3.207)
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The supersymmetric index is the Euler characteristic of the Q)-complex, namely

n n

Tr(-1)" = S (~1PdimA?(Q) = Y (~1PdimHbR(Q) = (M), (3.208)

p=0 p=0
which is the Euler number of the manifold. Here deformation invariance is the familiar
statement that the harmonic forms are equal to the de Rham cohomology classes,

which are diffeomorophism invariants [15].
3.4.1 Example: S?

To calculate the Hamiltonians for S?, we are going use eq.(3.202). Specifically,
since S? only depends on two variables, the calculations will include 0,1, and 2-forms.

So starting with a O-form fy, we have

Hfo(a',2*) = = (dd" + d'd) fo, (3.209)

N | —

where x' and 22 are 6, ¢ respectively. Since we have a O-form f, the d' will annihilate
Jo-
1
Hfy = §de fo (3.210)
Using the definition for d and d', we have
1
Hfy = _§g”<v1a, fotojaendz’ (3.211)

Now evaluating the contraction we have
1
Hfo= —§QIKV15Jf05}]<a (3.212)
which further simplfies to

Hf() = ——g”VI&]fO. (3213)
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Expanding this out, we have
1
Hf, = —591‘] (8105 — T1,0k) fo- (3.214)

Now expanding the summations gives us

1
Hfy = ) [9118131]% + 922(8232f0 - Fézalfo)} : (3.215)

Using the Connection coefficients from eq.(3.55-56) and the metric tensor from eq.(3.54),

we have

1 1
HfO = |: @lalfo + (8282f0 + sin 0 COS 6(91f0)} . (3216)

n*0

Simplify this gives us

1 1
HfO = [ alalf() + 8282f() + o COS 081f0:| . (3217)
Now we can rewrite cosf = 9;sinf and 1 = %

1 1
Hfy=—= |:2— sin 00,04 fo +
r2sind

1 .
B 2—8282f0 + m@l S1n 981f0:| s (3218)

so that we can undo the product rule for the first and third terms to get

1

Hfy = ! {%a (sin 00 fo) +

5 |7 ——— 0,0 fo} . (3.219)

n ¢

This conveniently works out to be the angular momentum operator squared L? in

spherical coordinates with constant radial component
L2
Hfo =55 fo- (3.220)
Now for the 1-forms f, (2!, 2?)dx™ where n € {1,2}, we have

Hf, (2", 2%)dz"™ = = (dd' + d'd) f,dz". (3.221)

DN | —
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Here we will ignore the Einstein sum convention over the index n since we are only
considering the cases when n = 1 or n = 2 and they are independent of each other.

Using the definition for d and d', we have

Hf,dz" = —% [dz" A 0; (975 o100V 5) + 9™ to)0ux Vida? A D] fuda™.  (3.222)
Now distributing the 1-form f,,dx™, gives us

Hf,dx" = —% [0 (gJKann) Shdr’ + glKvlﬁanba/axK (dx‘] Adz™)] . (3.223)

This allows us to evaluate the summation over K in the first term and the contractions

in the second term to get
Hf,dx" = —% [81 (g‘]"&]fn) dx’ + ¢"*V ;0 fup-da™ — g[KVIOané}‘{d:BJ} . (3.224)
From here we can evaluate the remain sum over K to get
H fpda" = —% 101 (9770, 1) dz’ + "'V 10, froda™ — g™V 10 frda”] . (3.225)
For n =1, we get
H fidz' = —% (01 (9710, 11) dz" + g™~ 10, frda — g™V 10, frda] . (3.226)
Since the metric tensor is symmetric, we must have
H fidz' = —% (9" 0101 frda! + "'V 10, frda' — ¢"' V10, frda’] . (3.227)
Expanding out the covariant derivatives in the first and third terms gives us

1
Hfidx' = — 3 [gualalfldxl + ¢"'V,0; fidz!

—g" (010; — T150k) frda’] . (3.228)
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Since partial derivatives can commute with each other, the underlined terms cancel

each other.

Hfidz' = — % [g]JV18Jf1d$1 + g“I‘ﬁ@Kflde] . (3.229)
Expanding the remaining summations in the second term gives us

H fidxt = — % [9"'V 10 frda + g"' 17,0, frda?] . (3.230)

Using the previous results for the O-form, the connection coefficients, and metric

tensor we get
H fdax! :# [szldxl — cot, Gagflde] ) (3.231)
Now for n = 2, we have
H foda? = —% [81 (gJZang) de! + ¢"'V 0, fodaz? — gIQV[anQd.TJ} ) (3.232)

Using the product rule for the first term and expanding the covariant derivative in

the third term gives us

1
H foda® = — 3 [(819”0.] + 9J2313J) foda! + "'V 10 foda?

—g" (0105 — T150k) foda”] . (3.233)

Since derivatives commute with each other, the underlined terms cancel each other

yielding,
1
H foda® = — 3 (019720, fodx" + ¢"'V 10 fodz® + g"T 1,0k foda”] . (3.234)
Since the metric tensor is symmetric, we must have

1
H foda® = — 3 (01972 0s fada" + g"'V 105 fada® + g% T, 0k foda”] . (3.235)
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Now expanding out the summations on the third term gives us

1
Hf2al:1:2 =— B [(91g2232f2d£€1 + QUVIanzdI'Z

+¢%°T,01 foda® 4+ g°°T5,05 fodz'] . (3.236)

L we must have

: 22 __
SIHCG g = el

)

1
Hde:L'Q == [3192282f2d$1 + gUVIan2d$2
+g2TL0, foda® + gT2,0 dea:l] . (3.237)

Due to metric compatibility, V;¢g”% = 0, and the connections being symmetric in the

lower indices, we can rewrite the underlined terms to get
1
Hf2d1'2 = — 5 [—gZQFglagfgdl’l + g”V[a]fgdx? + g22F%281f2d$2] . (3238)

Using the results for the 0-form, the connections, and metric tensor we have

1 [cotd
H fds? = Scii—zeangdx1+(L2+coteal) foda?| . (3.239)

Now for the 2-form fio(z!, 2?)dx' A dz?, we have

H fio(z', 2%)dz' Ada® = = (dd' + d'd) frodz' A da?. (3.240)

| —

Since we are dealing with the surface of a sphere, there are no 3-forms. Therefore,

the second term is zero.
1
H fiodat A da? = éddemdf A dx?. (3.241)
Now using the definition of d and d', we have

1
H fioda' A da? = —§de N O; (975 1000k V 5) frada A da”. (3.242)
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Now because of metric compatibility, we have
H frodat A da? = —%g"K@Ianlgd:cl N Lg)ouK (d:c1 A dx2) ) (3.243)
This allows us to evaluate the contractions to get
H froda' A da? = —%g‘]K@I@Jle ((5}{de A dz® A —0%dx’ A dxl) ) (3.244)
Evaluating the summation over K, gives us
H fiodat A da? = —% [nga[anlgd.TI A dx® — 72010 fradz! A da:l} ) (3.245)
Since the metric tensor is symmetric, we must have
H frodzt A da? = —% [gnafﬁlflgdxl A dx® — %2010, froda A d:vl] ) (3.246)
Now since the wedge product is anti-symmetric, we must have
H fiodat A da? = —% [gnalalflgdxl A dx? — §?20505 frodaz® A d:tl} . (3.247)

Now switching the order of the 1-forms in the second term and fully expanding each

term yields

1

sin? 6

1

Hflgdxl A d.TZ = _ﬁ 8181 + 82(92 flgd.rl A dl’Q. (3248)
r

3.5 Deformation by Potential Theory

Now consider modifying the Lagrangian by adding a potential term constructed

by a function h such that

h: M —R. (3.249)
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This modification is given by addition of
AL = —%g”alha,h — D9 ! (3.250)
to the Lagrangian where
Di0sh = 0;0;h — T',0kh. (3.251)

The supersymmetry relation are modified as

5o = e — el (3.252)
Syl = e (wl — 1L+ gfaaah) (3.253)
e (—z‘q'sf —TL " + gfaaah) . (3.254)

Similarly, the supercharges are modified as
Qu =" (igrsd” +0rh) =o' (ipy + 0rh) (3.255)
Q) = 0! (—igrsd” +0rh) = w! (=ipy + O1h) . (3.256)

Under these modifications, the fermion rotation symmetry is preserved and the con-

served charge is again
—I
F =gy’ (3.257)

As usual, the canonical commutation relation and the same representation of the
algebra of variables remains unchanged from our original theory. In particular, the

Hilbert space of states is the space of differential forms Q°*(M). From here, we can
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see that the supercharges are represented as

Qn=d+de¢' NOoth=d+dh = e "de" =: d), (3.258)

Ql = (d+dh)" = edle™ = d} . (3.259)
The Hamiltonian is chosen so that the supersymmetry relation holds, namely
Lo ot X (ad +d
H = 5@}” Q) = 3 (dhdh + dhdh> (3.260)

The space of supersymmetric ground states is isomorphic to the cohomology Q-group
of the Qp-operator. Since the conserved fermion number F' counts the form-degree,
and (), has charge 1, the ()-complex and cohomology are graded by the form-degree.
However, this @), and the )y before the deformation are related by the similarity

transformation

Qn = e "Qoe", (3.261)

and the )-complex is isomorphic to the old one. Therefore,
Hipy = H(Q) = H? (Qo) = Hpp (M). (3.262)

In particular, the dimension of the supersymmetric ground states is independent of

the choice of the function h.

79



Appendix A

Z-GRADING

In mathematics, a graded space is a space that has the extra structure of a grading
or a gradation, which is a decomposition of the space into a direct sum of subspaces.
This can be denoted as
A=P A (A1)
i€l
where A is some space, A; C A, and Z is some indexing set.
Now first consider the set of integers Z = Z. This makes A a Z-graded space as
A=A (A.2)
nezZ

Next consider an operator F': A — A defined as F' acting on x € A such that

F‘An :nId]An. (AB)

For example, let ¢; ... ¢; [0) = |v;) € Ay, then

where Elk are fermionic variables. From here we can see that F' counts the number
of fermionic variables. Now using the fermi number operator F, we construct the a
grading such that

07 |Uk> S A2n
(D" = (A.5)

1, |vk) € Agpia
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Physically, the even space is associated with the bosons while the odd space is asso-

ciated with the fermions. This can be denoted as
A= AP g AT, (A.6)
where

AP =P Aan (A7)

nezZ

A" = P Az (A.8)

neZ

We can see that this is the same as considering the set
Z,=7Z\nZ. (A.9)

for the special case when n = 2 as the indexing set. So if this set had been used
initially as the indexing set, the information about which particular subspace A, the
ket |vx) belonged would have been lost.

To show that the Zy-graded complex shown in eq.(2.20) splits into a Z-graded

complex when

[F,Q] =@, (A.10)
first consider when |v) € HZ @ HY. By letting the commutator act on |v), we have
(FQ—-QF)[v) =Q|v). (A.11)
Then decomposing the vector into bosonic and fermionic parts

(FQ—-QF)vp) + (FQ = QF)|vr) = Qlvp) + Q |vr). (A.12)
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Since

FIHP =0 (A.13)
FIHE =1, (A.14)

we have
FQlvp) + (FQ — Q) |vr) = Qlup) + Q|vr) . (A.15)

Here we can equate coefficient to get

FQ|vp) = Qlvp) (A.16)

(F'Q = Q) |vr) = Q|vr) . (A.17)
Now solving for F', we can see that

Floug) =1= Fljup +1 (A.18)

Flouy = 2= Flop +1. (A.19)
So in a Z-graded hilbert space, a state |v;) € H| acted on by F is
Flug) =k |vg) . (A.20)
When it is the case in eq.(A.10), @ acts as
Qluk) = (FQ+ QF) [vy) . (A.21)
By eq.(A.20), we have

Q lvk) = (FQ + kQ) |vg) - (A.22)
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Now solving for F'Q |vx), we have

FQlug) = (k+1)Q |vg) .

From here, we can see that

Q : Hi — Hia,

giving us the Z-graded complex in eq.(2.26).
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Appendix B

WITTEN INDEX

If 5 € C such that [ scales the Hamiltonian H and maintains being Hermitian,
[ deforms that theory leading to the invariant, as shown in the calculation below,
called the Witten index. To show that the Witten index is an invariant defined in
eq.(2.19), first assume the Hamiltonian H is diagonalizable and dimH,) < oco. Since

the Hamiltonian H has an eigenvalue of E,
(—1)F e o) = (~1)F e Ju). (B.1)

Here 8 makes the exponent unitless and can vary in meaning depending on the context
of the physics the Hamiltonian models. For our purposes, consider § as Wick time
on Sé. Since the state |v) can be decomposed into a bosonic and a fermionic part,

the Z,-grading assigns a negative sign to the H’ state.
(—=D)F e o) = e (Jvp) — |vr)) - (B.2)

Now looking at the trace explicitly, it can be rewritten as a sum of traces restricted

to the individual spaces H )
Tr(—1)" e P = " Tr(—1) ey, . (B.3)
n=0

Since the Zy-grading (—1)* commutes with the Hamiltonian H, (—1)* preserves H,

exactly as in eq.(2.12). This allows us to decompose H ) into a bosonic part and a
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fermionic part as in eq.(2.13). Therefore

Tr(—1)"e 1 = ZTre PH ]HB —ZTre PH ]HF (B.4)

Since the exponentiated Hamiltonian is acting on its eigenstate, we have

Tr(—1)Fe Pt = Ze BT djys —Ze”BE"TrId]HF : (B.5)

n=0

Then evaluating the trace gives us

Tr(—1)Fe P = Ze B (dimH () — dimH{,). (B.6)

n=0

Since the bosonic and the fermionic states are paired at each excited energy level,

only the ground state with energy Fj survives:
Tr(—1)FePH = e_BEO(dimHg) — dim’i—[fg)). (B.7)
Here the ground state energy is Fy = 0, which yields

Tr(—1)"e " = (dimH ) — dimH ). (B.8)
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Appendix C

THE HARMONIC OSCILLATOR

In order to find the energy states of the harmonic oscillator where w > 0

0o L)

(C.1)

the Hamiltonian H can be factored to define creation and annihilation operators as

1
a' = — (—ip + wz)
2w

a= (ip + wzx) .

1
V2w
Now multiplying the two operators together gets

Loy 2,2, - .
% (p* + w?a® + iwzp — iwpz)
i (p2 + w?z? —iwap + iwpx) .

Noting that the non-squared terms is a commutator, we have

1
to_ L2 2.2
ala = o~ (p* + w’z® + iw [z, p])

1
aaT:%(pz%—wz:BQ—iw[x,p]).

Since the canonical commutation relation [z, p] = i, we must have

ala = % (p2 + wa? — w)
1
2w

aal = (p2 +w?a? + w) .
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Now subtracting eq.(C.8) from eq.(C.9), we get
[a,a'] = 1. (C.10)

Also both eq.(C.8) and eq.(C.9) can be rewritten as

w (aTa + %) = % (p* + w’z?) (C.11)
% (p* + w’a?) . (C.12)

1
T—— =
CL)(CLCL 2)

Since the Harmonic oscillator will have a lowest energy state |Ep), this states must
be annihilated when acted on by the Hamiltonian. Therefore using eq.(C.1), the
Hamiltonian can be expressed in terms of the creation and annihilation operators

a', a respectively as

H:w(aTa—i—%). (C.13)

From here, the Hamiltonian can act on the lowest eigenstate |FEy)
.‘_ 1

Since the system is in its lowest energy state, the state gets annihilated by the operator

a. This leaves
1

Now that the lowest energy value has been found, we can examine how operators a'

and a with the Hamiltonian H. So looking at the commutator for a' and H

[H,a'] = Ha' — a'H, (C.16)
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we can use eq.(C.13) to get

1 1
[H,a'] =w (aTa + 5) al —alw (aTa + 5) :

which reduces to
[H, aw =w (aTaaT — aTaTa) .
Now using eq.(C.10) in the second term,
[H, aT] =w (aTaaT —al (ozaJr - 1)) ,

which reduces to

[H , aT] = wa'.
Similarly looking at the commutator for a and H

[H,a)| = Ha — aH,

we can use eq.(C.13) to get

1 1
[H, a) :w(aTa—kE)a—aw (aTa—|—§),

which reduces to
[H,a] = w (a'aa — ad'a) .
Now using eq.(C.10) in the second term,

[H,a] = w (alaa — a (a'a + 1)),
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(C.19)

(C.20)

(C.21)
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which reduces to
[H,a] = —wa. (C.25)

Now consider the Hamiltonian H acting on the eigenstate af |E), if we use the com-

mutation relation from eq.(C.20), the states becomes
Hd' |E) = (a'H + wal) |E). (C.26)
Since |E) is an eigenstate of H,
Hd' |E) = (Ed' + wal) |E). (C.27)
Now factoring out the a'
Hd' |E) = (E+w)ad' |E), (C.28)

it is the case that H has an eigenvalue for the raise energy state a' |E). So starting
from the lowest energy state, we can construct the “ladder” of energy states by
iteratively repeating this calculation from eq.(C.26) to eq.(C.28). Therefore on the n'h
time this calculation is repeated, the spectrum of the Hamiltonian can be determined
as

HIE,) = w (n + %) IB,). (C.29)
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