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1 Introduction

Surface (or interfacial) tension is a thermodynamic property describing the contrac-

tile tendency of an interface due to the attractive interactions between molecules

in the bulk phase and the loss of coordination that is associated with the interface

[1]. One consequence of this is that in the absence of external forces, drops and

bubbles contract into shapes that minimize the surface to volume ratio [2]. Even

when other forces, such as those produced by gravity, flow, or electric fields, are

present, the shape of a bubble or drop is still determined, at least in part, by the sur-

face tension [3]. In fact, if gravity and surface tension are the only acting forces, the

surface tension of the drop can be calculated from its shape [4]. This is the basis of

the simple, yet elegant method for measuring surface tension: axisymmetric drop

shape analysis (ADSA) [5]. Accurate surface measurements are important to opti-

mize surfactant concentrations in formulations, characterize interfacial properties

of biomolecules, and investigate the wetting properties of surfaces [6]. Moreover,

ADSA can be employed to study the performance and stability of surface-active

materials such as coatings and adhesives [7].

For a drop at rest, the Young Laplace equation relates the mean curvature of

the drop interface (2H) to the forces acting on the drop, namely the pressure drop

(∆P ) across the drop interface and the surface tension (γ) [8].

2Hγ = ∆P = ∆P0 +∆ρgz (1)

Using geometric relationships to describe the surface coordinates as shown in

Figure 1, the Young-Laplace equation can be transformed to a system of first order

ordinary differential equations (ODEs) [9].
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dϕ

ds
= 2±Bo z − sin ϕ

x
(2)

dx

ds
= cos ϕ (3)

dz

ds
= sin ϕ (4)

ϕ (s = 0) = x (s = 0) = z (s = 0) = 0 (5)

Where s is the arc length along the drop, ϕ is the angle between dz and dx, and

x is the radius of the drop at a height of z. The variables s and ϕ can be written

as (ds)2 = (dx)2 + (dz)2 and tanϕ = dz/dx, which are manipulations of Equations

2-4. There is a single dimensionless group which describes the shape of a pendant

drop.

Bo =
∆ρgR2

0

γ
(6)

Where ∆ρ is the change of densities across the fluid interface, g is gravity (as-

sumed to be positive), R0 is the drop radius, and γ is the surface tension. The

different variables can be seen in Figure 1. The Bond (Bo) number represents the

balance between gravitational forces which distend the drop from the spherical

shape, and surface tension forces, which are a contractile tendency that favors the

spherical shape. In order to successfully leverage observations of drop and bub-

bles to measure surface tension, there are established ranges (0.09 < Bo < 0.35)

that constrain precision [1].
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Figure 1: Axisymmetric drop shape analysis. a) The coordinate system based on
Young-Laplace equation, with rotation of image accounted for. b) General experi-
mental setup, where the camera can be rotated in the xz-axis.
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The experimental setup is relatively simple. Typically, a light source is used to

cast a silhouette of a drop onto a camera, where the shape of the drop is captured

and used for analysis. As it is traditionally best when the light source is diffuse

to minimize optical aberrations and reflections from the drop interface [10]. In

traditional ADSA, image rotations are minimized. The rotation of an image can be

seen in Figure 1, represented as θ.

ADSA is a powerful technique to accurately determine the surface tension of

liquids which is widely employed in various applications, including chemicals, ma-

terials, and consumer products manufacturing. Its noninvasive nature and broad

applicabilitymakes ADSA a versatile tool in product development. One key applica-

tion of ADSA is determining the optimal surfactant concentration in formulations,

which helps in minimizing costs and ensuring product performance [11, 12, 13].

ADSA also plays a crucial role in studying the fundamental adsorption phenomena

of biomolecules, such as proteins, peptides, and lipids, at interfaces [14]. This infor-

mation is essential for understanding biological processes, optimizing drug deliv-

ery systems, and designing advanced biomaterials [15, 16, 17, 18, 19]. Additionally,

ADSA is used to measure contact angle, which provide insights into surface wetta-

bility. This information has broad implications in various applications, including

self-cleaning surfaces, inkjet printing, and biological adhesion [20, 21, 22, 23, 24].

Furthermore, ADSA assists researchers in evaluating the effectiveness and durabil-

ity of surface-active materials, such as coatings and adhesives. By monitoring the

change in interfacial tension and contact angle over time, researchers can assess

the stability and performance of these materials, enabling them to optimize for-

mulations and ensure long-term reliability in applications like corrosion protection

and adhesion [25, 26, 27, 28].

6



Traditional ADSA algorithms use numerical ODE solvers to solve the Young-

Laplace equation for the drop profile. An initial guess for Bo is taken, and the

profile is numerically solved. The error between theory and observation is calcu-

lated, and the objective is to identify a best fitBo for experimental drop image. [9,

29].

Although ADSA is widely used, there are still many limitations in traditional

ADSA. The largest limitation is that high resolution images are required. As high

pixel densities are required, in order to accurately calculate the error between the

true drop profile and the numerically generated drop profile [30]. Traditional ADSA

is also computationally very expensive, as the system of ODEs has to be numeri-

cally solved many times. High quality images with minimal noise in the images are

also required, as even small amounts of noise can lead to very inaccurate mea-

surements [31]. Lastly, images must be perpendicular to the horizontal axis, as

Equations 2-4 do not account for possible rotations in the drop profile [32].

These challenges are tackled through the use of a deep learning approach using

a convolution neural network (CNN) as well as deriving an analytical solution that

can be used to replace numerical approaches.

2 Perturbation Solution

2.1 Perturbation Approach

Deriving an analytical solution that can accurately characterize the profile of an

arbitrary axisymmetric drop as x = f(Bo, z) is very challenging. While there is one

single set of equations, different axisymmetric drop shapes can arise depending on
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the boundary conditions. But the most common boundary conditions are ϕ (s =

0) = x (s = 0) = z (s = 0) = 0 which lead to sessile and pendant drops.

Sessile drops are drops that are resting on a flat plane and are typically used to

measure contact angle. Contact angle measurements are useful to determine the

wetting properties of a liquid on a surface interface. Sessile drops are defined by

where±Bo = +Bo in Equation 2. The positive Bond number leads to an ellipse-like

shape. In fact, it has been previously be shown that an ellipse is a valid solution

for sessile drops [33]. While sessile drops can be used to measure surface tension,

measurements are very challenging when the drop has a low contact angle. Where

the contact angle is defined as the angle formed between the tangent line at the

liquid-solid-gas interface and the solid surface, measured through the liquid phase.

For surface measurements, pendant drops are often used as the accuracy of

the measurements do not depend on any liquid/surface interactions. A pendant

drop is a drop that is suspended from a capillary tip. Which represents where

±Bo = −Bo in Equation 2. While the problem for positive Bond numbers has been

reported previously, there has been no solution for negative Bond number drops.

Accurate measurements for surface tension are important for many fields, such as

pharmaceutical manufacturing, chemical processing, and material science. Mani-

fold studies reference ADSA as an important experimental approach [34].

The solve the set of differential equations, first the following relationships can

be determined from Equations 2-4,

dϕ

ds
=

d

dx
(sinϕ) = − d

dz
(cosϕ) (7)
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which allows for representing the equations as a single, second order ODE.

d

dx

(
d

dx
sinϕ+

sinϕ

x

)
+Bo

sinϕ

cosϕ
= 0 (8)

A general, exact solution to Equation 8 for arbitrary Bo has not yet been reported.

In the limit Bo ≈ 0, together with the boundary conditions x(s = 0) = 0 : sinϕ = 0

and x(s = 0) = 0 : d
dx
(sinϕ) = 1 a base-state solution, i.e.,

sinϕ = x (9)

can be found. This corresponds to the spherical shape, for which there is no limit

on the value of the surface tension. Applying Equation 9 into Equation 2, an ap-

proximate solution can be found.

cosϕ =
Bo

2
z2 − z + 1 (10)

Equation 10 together with Equations 3 and 4, the axisymmetric shape is:

x =

∫
cosϕ
sinϕ

dz =

∫
cosϕ√

2Bo(cosϕ− 1) + 1
dϕ (11)

Although there is no elementary solution to the integral in Equation 11, it can be

solved in terms of elliptic integrals.

x =
1

Bo

[
E

(
ϕ(z)

2

∣∣∣4Bo

)
− (1− 2Bo)F

(
ϕ(z)

2

∣∣∣4Bo

)]
(12)

where E(α,m) is the incomplete elliptic integral of the second kind, and F (α,m) is

the incomplete elliptic integral of the first kind. It can be noted that Equation 12
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is a perturbation analytical solution that reduces to Equation 9 as Bo approaches

zero; accuracy of Equation 12 decreases as Bo and z increase. The accuracy of the

analytical solution can be seen in Figure 2.

The perturbation solution presented is analytical as z approaches zero; i.e. as

the pressure drop approaches a constant, the drop shape is spherical. As pressure

decreases linearly in z according to Equation 4, the error in Equation 12 grows

(as expected) and reduces the practical utility in application to experimental data

analysis. The solution can be corrected using a power series expansion in z.

x =
1

Bo

[
E

(
ϕ(z)

2

∣∣∣4Bo

)
− (1− 2Bo)F

(
ϕ(z)

2

∣∣∣4Bo

)]
+

∞∑
i=1

aiz
i (13)

Only using the first few terms in the series expansion,

a1 = 0.1349Bo3 − 0.1208Bo2 + 0.03847Bo

a2 = −0.2681Bo3 + 0.2502Bo2 − 0.03327Bo

a3 = 0.1462Bo3 − 0.1244Bo2 + 0.04438Bo

leads to very accurate results. The corrected solution error can be seen in Figure 3.

In Figure 3, the error in the corrected solution is very small over the interval above.

For the analytical solution, the max error is 8%; in the corrected solution, the max

error is 0.05% using the first three terms in the power series.
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2.2 Scaling Profile

What is interesting about Equations 12 and 13 is that it is possible to predict the

bond number only given a single point. This is not possible with traditional ap-

proaches; scaling has to be considered in order to predict the bond number for

each point along the profile of a drop. While x and z are already dimensionless in

the governing equations, the true observed values are typically scaled after gen-

erating a profile to be overlaid on top of the theoretical profile. It is typical that

a drop is scaled such that the maximum x value is 1 at the apex. This is a use-

ful mark, because it has been shown that no useful measurements can be made

unless a pendant drop is large enough to have a visible apex point. If the drop is

scaled as x = cx′, z = cz′. Where x′
max = 1 for any arbitrary pendant drop. Then c

can be fitted as well for the bond numbers that have been shown experimentally to

accurately predict surface tension. The c value can be used to scale the observed

x′ and z′ values to the correct x and z values. The difference between using scaled

values and non-scaled values is fairly large, as can be seen in Figure 4. It should

be noted that Equation 14 is empirically fitted so that an experimental drop profile

can be scaled to accurately measure Bo.

c = 1− (0.09088374064459752 · Bo2 + 0.1627057021793376 · Bo) (14)

11
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Figure 2: Comparison of the Numerical [34] and Perturbation Solutions to the
Young-Laplace equation. A-B. Numerical (orange) and perturbation (blue) solution
for different bond numbers. C-D. Residual error as a function of Z and Bo for the
same Bo as in A-B.
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Figure 3: Comparison of theNumerical andCorrected Perturbation Solutions to the
Young-Laplace Equation, where the first 3 terms to the power series are shown. A-
B. Numerical (orange) and corrected perturbation (blue) solution for different bond
numbers. C-D. Residual error as a function of z and Bo for the same Bo as in A-B.
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3 Deep Learning Approach

There have been attempts to improve ADSA using a machine learning approach.

Soori and Tejaswi used a convolutional neural network (CNN) to predict Bo of

pendant drops [35]. The model presented was a classification model that was

trained on real pendant drop images, where pendant drop images were classified

as ranges of surface tension values. This method imposes low accuracy based on

the size of the training data set and the precision of measurements. In Kratz and

Felix, an artificial neural network (dense neural network) was used to predict Bo

and the apex pressure of pendant drops [36]. While this method did improve com-

putational speed greatly with a high accuracy in predicting Bo, it did not account

for rotations or noise in the images, nor was it validated on real pendant drop im-

ages.

We use a regression CNN trained on computationally generated pendant drop

images to determine surface tension from an image directly. Training on computa-

tionally generated images has many advantages. Images can have noise added to

them, be rotated, the dropwithin the images canbe re-sized and re-positioned, and

images can be blurred. This allows for a regression CNN that can accurately pre-

dictBo of drops in a much wider range of images [37]. The benefits to the method

presented is faster computational speed, allowing for image rotations, tolerance

for low resolution images, low sensitivity to the presence of noise in images, and

permitting for images that are blurred. While Bo is the main focus of most ASDA

methods, the following parameters can be also be predicted: drop volume, drop

surface area, capillary diameter, apex pressure, and the Worthington (Wo) num-

ber. As each of these parameters can be calculated given the drop profile, as de-
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fined in Table 1. Finally, the method presented is validated on real drop images

and has been shown to be effective in predicting fluid properties of real drops.

3.1 Training Convolutional Neural Network (CNN) Models

3.1.1 Numerically Generating Drop Profiles

Pendant drop shapes were simulated using a numerical solver. The only param-

eters that are needed to generate a drop profile are Bo and Wo. From the drop

profile, other geometric and hydrostatic drop properties can be calculated. Table 1

summarizes all calculated and predicted pendant drop geometric and hydrostatic

properties.

To develop a training set of pendant drop images, the Young-Laplace equation

is used to generate drop profiles. From these profiles, different group of images

are generated and for each group, CNN models are trained to predict Bo, V , A,

Dn, and R0. The most accurate models were further tested on real pendant drop

images.

Only one parameter is dependent on an absolute length scale,R0. Traditionally,

a reference length c is measured and converted to pixel equivalent.

R0 =
R0

image width
=

R0 (pix)
c (pix)

=
R0 (m)
c (m)

(15)

Given c, ∆ρ, and g are known, all drop properties can be calculated from the

drop shape, via. Bo, V , A, Dn, and R0. Therefore, we use a CNN model for each

parameter, and the remaining properties can found from arithmetic calculations

using the predicted values.
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Parameter Notation Value

Bond Number Bo
∆ρgR2

0

γ

Dimensionless Drop Volume V Vd
1

πDnR2
0

Dimensionless Drop Area A Ad
1

πDnR0

Dimensionless Capillary Diameter D Dn
1
R0

Dimensionless Drop Radius R0 R0
1
c

Worthington Number Wo BoV

Apex Pressure Pa 2 γ
R0

Surface Area to Volume Ratio SA/V A
V

1
R0

Table 1: Prediction of Fluid andGeometric Properties froma Pendant Drop, given g,
∆ρ, and c. WhereDn is the diameter of the capillary tipwhich the drop is suspended
from, Ad is the surface area of the drop, and Vd is the volume of the drop.
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Figure 5: Workflow for using a CNN to Predict Pendant Drop Surface Tension. a)
Young-Laplace equations are used to generate drop profile. The Bo and Wo are
varied for each drop to generated parent familes drop shapes. b) Representative
drop shape c) Representative image groups used to train the CNN models d) Real
drop images as inputs to the model e) Image preprocessing, where each drop is
rotated and shifted randomly nultiple times. f) CNN predictions. Where the same
prediction is made for each image that came from the same starting drop. Here,
Bo is predicted, but can beBo, V ,A,Dn, orR0. g) Final predicted fluid, geometric
or hydrostatic properties
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Figure 6: Affect ofBo andWo on numerically generated drop profiles. a) For small
Bo drops large changes inWo do not lead to large changes in drop volume or drop
area which is contrasted to large Bo drops in b).
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Figure 5 highlights the overall workflow. Figures 5a through 5c represent the

parts of the workflow that were used for training the CNN models. Figures 5d

through 5g represent the elements of the workflow used to make fluid property

predictions, as well as test the models. In Figure 5a, the Young-Laplace equation

is used to generate drop profiles. The main parameter Bo, which determines the

shape of the drop andWo constrains the drop volume. Wo is defined as the drop

volume divided by the maximum drop volume, which can be rewritten in terms of

Bo and the dimensionless drop volume as seen in Table 1. [9]

In Figure 5b, givenBo andWo, a drop profile is generated. To generate a given

drop profile, we chose 0.1 < Bo < 0.35 and 0.35 < Wo < 1. In this particular

workflow, scipy.integrate.odeint (SIO) was used to generate drop profiles. SIO uses

lsoda (Livermore Solver for Ordinary Differential equations) from the FORTRAN li-

brary odepack [38]. Profiles were generated for a given Bo. If the targetWo num-

ber is less than the calculated Wo, the drop volume is reduced until the target is

reached. If the target Wo is greater than the calculated, the target is updated to

be equal to the calculated Wo. The rest of the dimensionless parameters are then

calculated from the drop profile, except for the dimensionless drop radius. The

dimensionless drop radius is calculated after all modifications to the drop profile

have been made. The affect of Bo and Wo on the drop profile can be seen in

Figure 6.

3.1.2 Numerically Generating Drop Images

In Figure 5c, some example generated images are shown. While there are only two

parameters to generate a drop profile, there are many parameters to generate

image groups given the basis family of drop profiles. Table 2 shows the different
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image groups that we used for representing challenges to optical alignment and

camera focus. For a given image group, a CNN model was trained and tested for

each property: Bo, V ,A,Dn, andR0. This section of the workflow is to test which

groups images are valid to predict the fluid properties of real drops.

Table 2 represents the different image groups that were used. All image groups

used the same basis family of 100,000 drop profiles. Each image in an image group

is drawn using a randomly selected drop profile. To test model accuracy for low

resolution images, all images have a pixel resolution of 128x128 pixels. The drops

in the images were rotated between -10 and 10 degrees, to show that the model is

robust in predicted drop properties on rotated drops. The drops were also resized

within the image, with a relative size range. A relative size of 1 represents a drop

that has a maximum length (maximum of either maximum x or maximum z of the

drop) equal to the image width, and 0.95 represents a maximum length scale of

95% of the image width.

Drops were randomly positioned within each frame on the image canvas. The

relative size and random position are important to ensure the model does not

overfit to the location and position of the drops. Images were defocused using

a Gaussian blurring algorithm after generation, which is standard practice for all

CNN image analysis models [39]. The global parameters were chosen because re-

gardless of image pre-processing tuning, each model should be robust with low

quality images, rotated drops, and random placement of drops in the image. Each

group further modifies the images. Example images for each group are shown in

Figure 7. The details of each image parameter are further discussed.
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Group Capillary Capillary Zero Above Apex Noise TestBoMAE
Group A (Control) [0, 0] 1 False 0 1.69E-03

Group B [0, 0] 1 False 0.01 1.83E-03
Group C [0, 1.5] 0.15 False 0 3.01E-03
Group D [0, 0] 1 True 0 2.43E-03
Group E [0, 1.5] 0.15 False 0.01 3.39E-03
Group F [0, 0] 1 True 0 2.19E-03
Group G [0, 1.5] 0.15 True 0 2.35E-03
Group H [0, 1.5] 0.15 True 0.01 3.35E-03

Table 2: Summary of Image Groups for CNN Model Training. Parameters for Gen-
erating Drop Images. The testBoMAE is the mean absolute error of the predicted
Bo of the test set.

22



In most ADSA methods, the capillary tip from the image is removed from the

image either manually or through image pre-processing. However, a CNN model

is able to infer the relevant drop profile, even if a capillary tip is present. The cat-

egory Capillary represents the range that the dimensionless capillary length can

be, where the capillary length is made dimensionless by the drop radius. For each

drop image, a dimensionless capillary length is randomly chosen that is within the

range. The capillary length is then added onto the drop profile prior to drawing

the profile onto an image. The category Capillary Zero represents the finite ex-

perimental probability that the capillary is not presented in the measured image.

Capillary Zero is used to ensure that the models do not overfit to the capillary tip

being present.

Although this workflow focuses on analysis of pendant drop images, there are

many different axis-symmetric drop shapes that can be drawn from Equations 2-

4. The only difference between the various axis-symmetric drop shapes are the

boundary conditions, and the sign ofBo. Our CNNmodel can predict fluid proper-

ties on a variety of different drop shapes. The category Above Apexmeans all drop

profiles have the part of the drop below the apex removed prior to drawing the

drop onto an image, where the cutoff point is defined where x′ = x′
max. It should

be noted that none of the fluid properties were re-calculated for groups that have

Above Apex as True, which demonstrates that the entire profile is not necessary to

accurately predict fluid properties.
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Figure 7: Representative Samples from Image Group Training Sets. Bo and Wo
are fixed for each image. Each label corresponds to Groups in Table 2.

24



Image Generation. After a drop profile is modified according to its respective

image group in Table 2, it is then placed onto a blank palette. All modifications that

are made to the randomly chosen drop profile prior to drawing the drop profile to

an image are: 1) adding a capillary tip, 2) cutting of the apex, 3) rotation of drop

shape about z-axis, and 4) in-plane rotation with respect to the z-axis. All images in

the finalmodel have awhite background, and themodified drop profiles are drawn

into the image using black pixels. All drop images are blurred as a final step.

Noise. Although blurring is important for all CNN models, blurring does not

account for all potential noise in the image. The Noise category represents the

average percentage of pixels that are forced to be black prior to blurring. For an

image that has 128x128 pixels, 0.01% noise represents on average 163 random

pixels are forced to black. If a pixel is already black from the drop profile, it is left

black. While 163 pixels is apparently small, 0.01% Noise adds a fairly significantly

amount of image disruption as seen in Figure 7.

Calculating R0 in Generated Images. All the modifications to the drop profile are

completed prior to locating the drop profile onto the image canvas. The equation

to calculate the dimensionless radius for each drop from the modified drop profile

is:

R0 =
Rx

LM

SD cos θ (16)

whereRx is themaximumx value in the unmodified drop profile, θ is the rotation of

the image, LM is themaximum length scale value (max[max x, max z]) after rotation

and adding capillary tip, SD is the relative size of the entire modified drop profile

that is between [0.95, 1].
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Figure 8: Machine Learning Regression Metrics. Predicted versus actual graphs for
the different drop properties that were predicted from the control group, which
gives a visual representation of the prediction error. The values shown are dimen-
sionless, but are not normalized. The x-axis is the actual value, and the y-axis is the
predicted value. The variables in each predicted vs actual graph are a) Bo, b) Dn,
c)R0, d) V , and e)A.
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The relative size can be rewritten as:

SD =
LM

c
(17)

which shows that Equation 16 is equivalent to Equation 15, after accounting for the

fact that the drop can be rotated.

3.1.3 Training CNN Models and Accuracy in Generated Data

Training and Accuracy. Each model was trained on the same model architecture,

with one output neuron predicting either Bo, V , A, Dn, or R0. For each group in

Table 2, we trained and tested the CNN using computationally generated data with

100,000 drop profiles and 1,000,000 drop images generated in each group. The

images were shuffled and used a data split of training 80%, validation 10%, and

testing 10%. Keras was used to train CNN models, with a batch size of 256 and 10

epochs. Each CNN model in each group was trained on the same split [40]. The

results for MAE of the predicted surface tension can be found in Table 2; Figure 8

shows the accuracy in predicting all the normalized fluid properties.

Accuracy of Surface Tension. Themost important predicted parameterBo repre-

sents the dimensionless surface tension. The test Bo MAE in Table 2 is the mean

average error of the predicted Bo of the test set for each group. It can be seen

that the control group has the lowest prediction error. The reported MAE can also

be used to calculate the theoretical accuracy in predicting the surface tension of

fluids. Assuming there is no error in any other fluid property measurement, the

error of the predicted surface tension can be estimated to be γerror = γtrue · BoMAE.
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Group Bom Vm Am Dm Rm

Control 6.76E-03 1.50E-02 1.55E-02 5.09E-03 4.46E-03
Noise 7.33E-03 1.67E-02 1.79E-02 6.46E-03 6.05E-03

Capillary 1.20E-02 2.15E-02 2.43E-02 5.69E-03 6.96E-03
Top 9.73E-03 1.71E-02 1.65E-02 5.69E-03 2.38E-02

Noise Capillary 1.36E-02 2.34E-02 2.54E-02 9.14E-03 4.43E-03
Noise Top 8.76E-03 1.63E-02 1.57E-02 6.83E-03 2.41E-02

Capillary Top 9.41E-03 1.82E-02 1.72E-02 6.10E-03 5.13E-03
Noise Capillary Top 1.34E-02 2.01E-02 2.08E-02 9.07E-03 6.20E-03

Table 3: Table of performance metrics to evaluate how each CNN model in each
group performed in predicting fluid properties. Subscript m represents the mean
absolute error, MAE, for the normalized predicted properties of the test set for the
numerically generated drops in the group. Where the data has been normalized
using min-max scaling. R represents the drop radius, typically denoted asR0.
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For pure water (72.4 mN/m), the theoretical average error in the predicted sur-

face tension is ±0.122 mN/m using the control Bo CNN model. This shows that

the CNN model matches state of the art measurements on the best model. How-

ever, even using the model with the lowest accuracy, Group E, leads to an average

error in the predicted surface tension of ±0.245 mN/m. This underscores that all

CNNmodels closely match state of the art measurements even on highly distorted

images. More importantly, the relationship for error prediction is biased at larger

values of surface tension. Therefore, image analysis on pendant drops of lower

surface tension will display lower error than those reported here.

Other Metrics. While Bo is the most important prediction, model performance

in the prediction of geometric and hydrostatic properties is also important. The

control model performs the best, or close to the best, on all the parameters. The

accuracy of predictingBo,Dn, orR0 for pendant drops is very accurate for all the

models, with an min-max normalized MAE error range of 4.46 · 10−3 < E(Bo, Dn,

R0) < 6.96 · 10−3. The predictions for V and A are also accurate, but less accurate

than the other predicted properties with an min-max normalized MAE error range

of 1.50 · 10−2 < E(V , A) < 2.48 · 10−2. A complete breakdown of all the prediction

metrics can be found in Table 3. In Figure 6 it can be seen that for low Bo drops,

large changes inWo do not lead to large changes in the drop profile. For highBo

drops, changes inWo lead tomuch larger changes in the drop profile. This implies

that the model can more accurately predict V and A as Bo increases. Figure 8

shows that the theoretical error for V and A decrease as V and A decrease as

Wo increases.
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3.2 Testing FinalModels on Experimental Pendant Drop Images

Data Analysis on Experimental Observations of Pendant Drops. The experimental sec-

tion shows that the CNNmodels are very accurate at predicting the fluid properties

of computationally generated drops. Here, we validate these results on experimen-

tal observations of pendant drops. Pendant drop images were measured using a

liquids of pure water and a solution of 75 m% Ethanol and 25 m% DI Water. These

liquids have known surface tensions at 20 C of 72.7 mN/m and 35.3 mN/m respec-

tively. The cameras usedwere Flea3 CMOS imaging cameras from Point Grey (Rich-

mond, BC, Canada), equipped with either a Sony IMX035 CMOS, 1/3’’ sensor or On

Semi VITA1300 CMOS, 1/2’’ sensor. The lens used was a C-mount CCTV lens, F=1.4,

utilising a macro tube to provide the necessary zoom level. Backlighting was from

a white LED (CREE C503C-WAS) diffused with a ground-glass disc. The optical setup

was tested extensively for image aberrations by imaging a number of objects of

known geometry at different orientations.

Predicting True Bo. The final CNN models are compared against traditional

ASDA. To show that the predicted Bo from traditional ASDA is accurate, the nu-

merical profile from the predicted Bo is overlaid on top of the true extracted pro-

file. The comparison between the true drop profile and numerical profile from the

predicted Bo using traditional ASDA can be seen in Figure 9b. Figure 9b, shows

that the calculated Bo from traditional ASDA is accurate.
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Figure 9: Experimentally calculatingBo using traditional method. A) Pendant drop
images of pure DI water and a solution of 75 m% Ethanol and 25 m% DI Water. B)
Comparison of true drop profile versus numerically generated drop profile from
traditional ASDA. The blue line is the true drop profile, and the orange line is nu-
merically generated from the predicted Bo using traditional ASDA. C) Images that
have been prepossessed by first extracting the profiles, then generating the final
images using the same pipeline as the numerically generated profiles.
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Property DI Water 75 m% Ethanol
True Predicted True Predicted

Bo 0.241 0.243 ± 2.10E-3 0.311 0.306 ± 3.60E-3
γ (mN/m) 72.7 72.0 35.3 35.9

V 1.85 1.76 ± 0.135 1.51 1.59 ± 9.60E-2
A 5.59 4.89 ± 0.294 4.42 4.30 ± 0.412
D 0.820 0.825 ± 7.50E-3 1.05 1.06 ± 5.90E-3

Table 4: Table of predicted versus actual fluid properties. Predicted properties are
reported as mean ± standard deviation of predictions. The predicted surface ten-
sion is calculated as γpredicted = γtrue ·Bot/Bop. R0 is not reported, as it is dependant
on rotation and drop scale, which is not constant for all images.
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Image Pre-processing. In an experimental setup, image pre-processing can be

one of the most challenging steps. In the case of using a CNN, it is very impor-

tant that the pre-processed images are as similar to the training data as possible.

The experimental pendant drop images were tested on the models in the control

group. Images were pre-processed by edge detecting the drop profile, then gener-

ating images using the same pipeline as the control group images. For each image,

5 extra images were generated by rotating the pre-processed images randomly

between [-5, 5] degrees. Pre-processed images can be seen in Figure 9c.

Fluid Property Predictions. From the preprocessed images, the predicted versus

actual fluid properties can be found in Table 4. It can be seen that the model is

very accurate at predicting the fluid properties of both pure DI water and the high

concentration ethanol solution. Most notably, it can be seen that the error in the

measured surface tension between traditional ASDA and using CNN model is only

±0.690 mN/m. This accuracy is achieved with image resolutions of only 128x128

pixels and rotating the images. The other fluid properties were also accurately

predicted. The errors for the other predicted fluid properties for the concentrated

ethanol are E(V ) = ±8.00 · 10−2, E(A) = ±0.120, and E(Dn) = ±5.00 · 10−3. R0 is not

reported, as it is dependant on rotation, which is not constant for all the images.

Computation Time The method presented in this article has been shown to be

as accurate as traditional ADSA methods on distorted and low quality images. The

computation time needed to make fluid predictions using a CNN model is signifi-

cantly faster as well. To compare computational speed, the CNN is timed against

a traditional ADSA approach to predictBo of 106 drops. For the CNNmodel, all 106

of the generated training images were used. For the traditional method, 106 drop

profiles were chosen from the generated point profiles. This was done to avoid
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comparing image pre-processing times, and strictly compare the time needed to

predict Bo of each method. The computer specifications that were used for both

test are: Ubuntu 20.04.5 LTS, Intel i9-9960X CPU, and Quadro RTX 6000 GPU.

For the traditional method, all calculations were parallelized on 32 threads.

From a predicted Bo, a point map is generated by solving the differential equa-

tions as outlined earlier (∆s = 10−3, W = 1). A spine function is then fitted us-

ing scipy.interpolate.UnivariateSpline with zero smoothing. The spline defines a

function xp = f(zp) for the predicted Bo. Then the error is defined as E(Bo) =∑N
i=0 |x − f(z)| where the true z points are feed into the fitted function and com-

pared against the true x points. The true value forBo is whereE(Bo) is minimized.

The error function wasminimized using scipy.optimize.minimize using the L-BFGS-

B method, maximum iterations of 100, and bounds of (0.1, 0.35).

It takes 35 hours to predict 106 drop profiles using traditional ADSA, which is

0.13 seconds per images. Using a CNN model, it only takes 11 minutes to predict

106 images, which is 0.66 milliseconds per image. Even trying to minimize the time

need for traditional ADSA, using a CNN model is order of magnitudes faster than

using a traditional ADSA approach.
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4 Conclusion

In summary, we have provided a novel analytical solution to the Young-Laplace

equation for an axisymmetric pendant drop, which is the common test frame for

surface tension measurement. The perturbation approach employed and the cor-

rection improve the solution accuracy, making it a valuable tool for various fields.

The analytical solution presented not only enhances computational efficiency but

also contributes to a better comprehension of the underlying physics.

In addition we describe a new method for Axisymmetric Drop Shape Analy-

sis (ADSA) using a trained convolutional neural network (CNN) model. The new

method offers faster computational speed, tolerates lower image resolution, and

has low sensitivity to noise in images, making it a more cost-effective alternative to

traditional ADSA techniques. The CNNmodel achieved a theoretical error of 0.122

mN/m in predicting the surface tension of computationally generated drops and

demonstrated an error of only 0.690mN/m in predicting the surface tension of real

experimental images. Additionally, the final CNN models can predict fluid proper-

ties at a rate of 1,500 images per second. This allows for a single central system

to monitor the fluid properties of many drop simultaneously in real time, reducing

cost significantly.

The use of computationally generated images for training the CNN model pro-

vides several advantages, allowing the model to account for rotations or noise in

the images. However, there are still limitations in the method presented, including

that the drop image must be undistorted by lensing. Overall, the proposed ADSA

method using a trained CNN model offers significant improvements over tradi-

tional ADSA techniques and existing improvements. It has the potential to impact
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various fields, including a wide range of chemical andmaterials manufacturing and

consumer products process, where accurate surface and interfacial tension mea-

surements are critical quality attributes.

A Code for Deep Learning Approach

A.1 Imported Packages

from pathlib import Path

from os import mkdir, listdir

from os.path import exists

from shutil import rmtree

from json import load, dump

from time import sleep

from random import shuffle, uniform, choice, randrange

from math import pi, sin, cos, radians

from tqdm import tqdm

from cv2 import imread, cvtColor, COLOR_BGR2GRAY, blur

from cv2 import threshold, THRESH_BINARY, findContours, RETR_EXTERNAL

from cv2 import CHAIN_APPROX_NONE, imwrite

from numpy import array, expand_dims, arange, concatenate, dot, where

from numpy import unique, zeros, sin, cos, argmin, argmax, savetxt, loadtxt

from numpy.random import rand

from sklearn.preprocessing import MinMaxScaler
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from keras.utils import Sequence

from keras.models import Sequential, load_model

from keras.callbacks import Callback

from keras.layers import Conv2D, MaxPool2D, Flatten, Dense, Dropout

from joblib import load as joblib_load, dump as joblib_dump

from scipy.integrate import odeint

from matplotlib import pyplot as plt, use

A.2 Backend Functions

# Cast a list of parameters in a dict to a writtable file name

def parameters_to_name(parameters, suffix):

name = ""

for key, value in parameters.items():

name += f"${key}={round(value, 6)}"

if name:

name = name[1:] + suffix

return name

# Inverse of parameters_to_name

def name_to_parameters(name):

parameters = dict()

for key_value in name.stem.split("$"):

key, value = key_value.split("=")

parameters[key] = float(value)

return parameters
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def name_to_y(file, y_key):

file = Path(file)

parameters = name_to_parameters(file)

return parameters[y_key]

def generate_y_scaler(train_files, y_key):

all_y = []

for file in train_files:

all_y.append(name_to_y(file=file, y_key=y_key))

y_scaler = MinMaxScaler()

y_scaler.fit_transform(array(all_y).reshape(-1, 1))

return y_scaler

def img_file_to_img(file):

file = Path(file)

x_i = imread(str(file))

x_i = cvtColor(x_i, COLOR_BGR2GRAY)

x_i = 255 - x_i

x_i = x_i / 255

x_i = expand_dims(x_i, axis=2)

return x_i

class DataGenerator(Sequence):
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def __init__(self, files, y_scaler, y_key, batch_size):

self.files = files

self.y_scaler = y_scaler

self.y_key = y_key

self.batch_size = batch_size

self.len_files = len(self.files)

def on_epoch_end(self):

shuffle(self.files)

def __len__(self):

return self.len_files // self.batch_size

def __getitem__(self, index):

max_index = self.batch_size * (index + 1)

min_index = self.batch_size * index

batch_files = self.files[min_index:max_index]

x = []

y = []

for file in batch_files:

x.append(img_file_to_img(file))

y.append(name_to_y(file=file, y_key=self.y_key))
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x = array(x)

y = self.y_scaler.transform(array(y).reshape(-1, 1))

return x, y

A.3 Numerical Drop Profile Creation

def new_drop_profile(bond_number, max_worthington_number, delta_s):

# Calculate baseline drop profile

def pendant_drop(y, s):

x, z, phi = y

d_x = cos(phi)

d_z = sin(phi)

d_phi = 2 - bond_number * z - sin(phi) / x

return d_x, d_z, d_phi

x0, z0, phi0 = delta_s, 0, delta_s

s_range = arange(delta_s, 4, delta_s)

sol = odeint(pendant_drop, (x0, z0, phi0), s_range)

# Ensure there are only two inflection points

apex_index = argmax(sol[:, 0], axis=0)

max_index = argmin(sol[apex_index:, 0], axis=0)

sol = sol[:max_index + apex_index, :]
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# Calculate drop parameter

volume = 0

area = 0

max_drop_radius = 0

worthington_number = 0

upper_index = 0

for i in range(len(sol)):

upper_index = i

row = sol[i]

x, z, phi = row

volume += pi * (x ** 2) * sin(phi) * delta_s

area += 2 * pi * x * delta_s

cap_diameter = 2 * x

if x > max_drop_radius:

max_drop_radius = x

worthington_number = bond_number * (volume / (pi * cap_diameter *

(max_drop_radius ** 2)))

if worthington_number > max_worthington_number:

break
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# Cutoff drop where max_worthington_number = worthington_number,

# or at the max height

sol = sol[:upper_index, :]

# Only keep x, z data

sol = sol[:, :2]

# Normalize parameters

drop_parameters = dict(

volume = volume / (pi * cap_diameter * (max_drop_radius ** 2)),

area = area / (pi * cap_diameter * max_drop_radius),

cap_diameter = cap_diameter / max_drop_radius,

worthington_number = worthington_number,

bond_number = bond_number,

)

return drop_parameters, sol

A.4 Numerical Drop Image Creation

def new_drop_image(drop_profile, img_size_pix, rotation, drop_scale, noise,

rel_capillary_height, above_apex, delta_s):

# Grab drop radius
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relative_drop_radius = drop_profile[:, 0].max()

# Add capillary tip

if rel_capillary_height != 0:

max_z_index = drop_profile[:, 1].argmax()

xf, zf = drop_profile[max_z_index, :]

z_new = arange(zf, zf + relative_drop_radius * rel_capillary_height,

delta_s)

x_new = array([xf] * len(z_new))

cap = array(list(zip(x_new, z_new)))

drop_profile = concatenate((drop_profile, cap))

# Cutoff drop below apex

if above_apex:

max_x_index = drop_profile[:, 0].argmax()

drop_profile = drop_profile[max_x_index:, :]

# Mirror drop

drop_z = drop_profile[:, 1]

mirror_x = - drop_profile[:, 0]

mirrored_drop_profile = array(list(zip(mirror_x, drop_z)))

drop_profile = concatenate((drop_profile, mirrored_drop_profile))

# Rotate drop

rotation = radians(rotation)
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rotation_matrix = array([[cos(rotation), sin(rotation)],

[-sin(rotation), cos(rotation)]])

drop_profile = dot(drop_profile, rotation_matrix.T)

relative_drop_radius = relative_drop_radius * cos(rotation)

# Scale drop to image size

drop_profile[:, 0] = drop_profile[:, 0] - drop_profile[:, 0].min()

drop_profile[:, 1] = drop_profile[:, 1] - drop_profile[:, 1].min()

max_length_scale = max(drop_profile.max(axis=0))

scaler_factor = img_size_pix * drop_scale / max_length_scale

drop_profile = drop_profile * scaler_factor

relative_drop_radius = relative_drop_radius * scaler_factor / img_size_pix

# Drop duplicate rows

drop_profile = drop_profile.astype(int)

drop_profile = unique(drop_profile, axis=0)

# Flip image axis

drop_profile[:, 1] = - drop_profile[:, 1]

drop_profile[:, 1] = drop_profile[:, 1] - drop_profile[:, 1].min()

# Shift drop in image

x_shift = randrange(0, img_size_pix - drop_profile[:, 0].max())

z_shift = randrange(0, img_size_pix - drop_profile[:, 1].max())

drop_profile[:, 0] = drop_profile[:, 0] + x_shift
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drop_profile[:, 1] = drop_profile[:, 1] + z_shift

# Draw drop points onto image

drop_image = zeros((img_size_pix, img_size_pix))

for i in range(len(drop_profile)):

x, z = drop_profile[i, :]

drop_image[z, x] = 255

# Add salt and pepper noise

if noise != 0:

rand_matrix = rand(img_size_pix, img_size_pix)

rand_matrix = where(rand_matrix < noise, 1, 0)

rand_matrix = rand_matrix * 255

drop_image = drop_image + rand_matrix

drop_image = where(drop_image > 255, 255, drop_image)

# Blur image

drop_image = blur(drop_image, (3, 3))

# Invert image

drop_image = 255 - drop_image

return relative_drop_radius, drop_image
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A.5 CNN Model Architecture

def simple_model():

# Same model structure that all models use

model = Sequential()

model.add(Conv2D(16, kernel_size=3, activation='relu'))

model.add(MaxPool2D(pool_size=2))

model.add(Conv2D(32, kernel_size=3, activation='relu'))

model.add(MaxPool2D(pool_size=2))

model.add(Flatten())

model.add(Dense(64))

model.add(Dropout(0.2))

model.add(Dense(1))

model.compile(optimizer='Adam', loss='mae', metrics=['mse', 'mae'])

return model

A.6 Training and Testing Models

def train(split, y_key, epochs, batch_size):

y_scaler = generate_y_scaler(train_files=split["train"], y_key=y_key)

train_generator = DataGenerator(files=split["train"], y_scaler=y_scaler,

y_key=y_key, batch_size=batch_size)

val_generator = DataGenerator(files=split["val"], y_scaler=y_scaler,

y_key=y_key, batch_size=batch_size)
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model = simple_model()

history = model.fit(train_generator, epochs=epochs,

validation_data=val_generator,

callbacks=Callback())

# Only keep loss and val_loss from history

history_data = dict(loss=history.history['loss'],

val_loss=history.history['val_loss'])

return model, history_data, y_scaler

def test(model, y_key, y_scaler, y_files, batch_size):

def _predict(b):

# Gather x and y data in files

x = []

y = []

for file in b:

x.append(img_file_to_img(file))

y.append(name_to_y(file=file, y_key=y_key))

x = array(x)

# Normalize y data

y_norm = y_scaler.transform(array(y).reshape(-1, 1))
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# Predict property

y_pred_norm = model.predict(x, verbose=0)

y_pred = y_scaler.inverse_transform(y_pred_norm)

# Flatten y data

y_norm = y_norm.flatten()

y_pred_norm = y_pred_norm.flatten()

y_pred = y_pred.flatten()

# Update PVA data

for i, y_norm_i in enumerate(y_norm):

y_pred_norm_i = y_pred_norm[i]

pva_norm.append([y_norm_i, y_pred_norm_i])

for i, y_i in enumerate(y):

y_pred_i = y_pred[i]

pva.append([y_i, y_pred_i])

pva = []

pva_norm = []

# Predict on files in batches

batch = []

for file in tqdm(y_files, desc=f"Predicting {y_key}"):

batch.append(file)
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if len(batch) == batch_size:

_predict(batch)

batch = []

if batch:

_predict(batch)

return array(pva_norm), array(pva)

A.7 Configuration File

c = {

"directory": "data",

"drop_profiles": {

"bond_number_range": [0.1, 0.35],

"min_worthington_number": 0.35,

"delta_s": 1e-3,

"N": 1e5

},

"image_parameters": {

"img_size_pix": 128,

"rotation_range_degrees": [-10, 10],

"drop_scale_range": [0.95, 1],

"N": 1e6

},

"model_parameters": {
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"epochs": 10,

"batch_size": 256,

"train_percent": 0.8,

"val_percent": 0.1

},

"models" : [

{

"name": "control",

"noise": 0,

"rel_capillary_height_range": [0, 0],

"prob_capillary_zero": 1,

"only_keep_drop_above_apex": False

},

{

"name": "noise",

"noise": 0.01,

"rel_capillary_height_range": [0, 0],

"prob_capillary_zero": 1,

"only_keep_drop_above_apex": False

},

{

"name": "capillary",

"noise": 0,

"rel_capillary_height_range": [0, 1.5],

"prob_capillary_zero": 0.15,
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"only_keep_drop_above_apex": False

},

{

"name": "top",

"noise": 0,

"rel_capillary_height_range": [0, 0],

"prob_capillary_zero": 1,

"only_keep_drop_above_apex": True

},

{

"name": "noise_capillary",

"noise": 0.01,

"rel_capillary_height_range": [0, 1.5],

"prob_capillary_zero": 0.15,

"only_keep_drop_above_apex": False

},

{

"name": "noise_top",

"noise": 0.01,

"rel_capillary_height_range": [0, 0],

"prob_capillary_zero": 1,

"only_keep_drop_above_apex": True

},

{

"name": "capillary_top",
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"noise": 0,

"rel_capillary_height_range": [0, 1.5],

"prob_capillary_zero": 0.15,

"only_keep_drop_above_apex": True

},

{

"name": "noise_capillary_top",

"noise": 0.01,

"rel_capillary_height_range": [0, 1.5],

"prob_capillary_zero": 0.15,

"only_keep_drop_above_apex": True

}

]

}

A.8 Wrapper to Generate Data

def generate_data(c):

# Make new directory to store all data

root_directory = Path(c["directory"])

mkdir(root_directory)

# Generate new drop profiles

drop_profile_directory = root_directory / "drop_profiles"
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mkdir(drop_profile_directory)

for _ in tqdm(range(int(c["drop_profiles"]["N"])),

desc="Generating Drop Profiles"):

bo = uniform(*c["drop_profiles"]["bond_number_range"])

wo = uniform(c["drop_profiles"]["min_worthington_number"], 1)

delta_s = c["drop_profiles"]["delta_s"]

drop_parameters, drop_profile = new_drop_profile(bond_number=bo,

max_worthington_number=wo,

delta_s=delta_s)

file = parameters_to_name(drop_parameters, suffix=".csv")

savetxt(drop_profile_directory / file, drop_profile, delimiter=",")

# Create images for models

drop_profiles_paths = listdir(drop_profile_directory)

drop_img_directory = root_directory / "drop_images"

mkdir(drop_img_directory)

for model in c["models"]:

model_img_directory = drop_img_directory / model["name"]

mkdir(model_img_directory)

for _ in tqdm(range(int(c["image_parameters"]["N"])),

desc=f"Generating Drop Images for {model['name']}"):

# Grab random drop profile
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drop_profile = choice(drop_profiles_paths)

drop_profile = drop_profile_directory / drop_profile

drop_parameters = name_to_parameters(drop_profile)

drop_profile = loadtxt(drop_profile, delimiter=",")

# Randomly select further parameters for image manipulations

rotation = uniform(*c["image_parameters"]["rotation_range_degrees"])

drop_scale = uniform(*c["image_parameters"]["drop_scale_range"])

cap_height = uniform(*model["rel_capillary_height_range"])

if uniform(0, 1):

cap_height = 0

# Update Parameters

drop_parameters["rotation"] = rotation

drop_parameters["drop_scale"] = drop_scale

drop_parameters["rel_capillary_height"] = cap_height

# Get other variables

img_size_pix=c["image_parameters"]["img_size_pix"]

noise=model["noise"]

above_apex=model["only_keep_drop_above_apex"]

delta_s=c["drop_profiles"]["delta_s"]

# Generate drop images, calculating the relative drop radius

drop_radius, drop_image = new_drop_image(drop_profile=drop_profile,

54



img_size_pix=img_size_pix,

rotation=rotation,

drop_scale=drop_scale,

noise=noise,

rel_capillary_height=cap_height,

above_apex=above_apex,

delta_s=delta_s

)

drop_parameters["drop_radius"] = drop_radius

file = parameters_to_name(drop_parameters, suffix=".png")

imwrite(str(model_img_directory / file), drop_image)

# This part just creates datasplits for the different groups

# Define split percents

train_percent = c["model_parameters"]["train_percent"]

val_percent = c["model_parameters"]["val_percent"]

test_percent = 1 - train_percent - val_percent

N = c["image_parameters"]["N"]

train_percent = int(train_percent * N)

val_percent = int(val_percent * N)

test_percent = int(test_percent * N)

# Split datasets
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root_model_directory = root_directory / "models"

mkdir(root_model_directory)

for model in tqdm(c["models"], desc="Splitting datasets"):

model_directory = root_model_directory / model["name"]

mkdir(model_directory)

# Gather img paths for a particular model

model_img_directory = drop_img_directory / model["name"]

img_paths = []

for img_path in model_img_directory.iterdir():

img_paths.append(img_path)

# Split

shuffle(img_paths)

train_imgs = img_paths[:train_percent]

val_imgs = img_paths[train_percent:train_percent+val_percent]

test_imgs = img_paths[train_percent+val_percent:]

# Save Split

model_split = dict(

train=train_imgs,

val=val_imgs,

test=test_imgs,

)

with open(model_directory / "split.json", "w") as f:
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dump(model_split, f, default=str, indent=4)

# Train models, and test on numerically generated data test set

all_y_keys = ["bond_number", "volume", "area", "cap_diameter" , "drop_radius"]

for model in c["models"]:

# Define directories

main_model_path=root_model_directory / model["name"]

for y_key in all_y_keys:

# Load data split

with open(main_model_path / "split.json", "r") as f:

data_split = load(f)

# Define directory to save model

key_model_path=root_model_directory / model["name"] / y_key

mkdir(key_model_path)

print(f"training model: {key_model_path}")

# Train model, collecting y scaler and loss vs epochs

epochs = c["model_parameters"]["epochs"]

batch_size = c["model_parameters"]["batch_size"]

keras_model, history_data, y_scaler = train(split=data_split,

y_key=y_key,
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epochs=epochs,

batch_size=batch_size

)

# Generate Predicted vs Actual data

normalized_pva, pva = test(model=keras_model, y_key=y_key,

y_scaler=y_scaler,

y_files=data_split["test"],

batch_size=batch_size)

# Save data

with open(key_model_path / "y_scaler.save", "wb") as f:

joblib_dump(y_scaler, f)

with open(key_model_path / "history.json", "w") as f:

dump(history_data, f)

keras_model.save(key_model_path / "model")

savetxt(key_model_path / "normalized_pva.csv", normalized_pva,

delimiter=",")

savetxt(key_model_path / "pva.csv", pva, delimiter=",")

plt.scatter(pva[:, 0], pva[:, 1])

plt.savefig(key_model_path / f"pva.png")

plt.close()
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plt.scatter(normalized_pva[:, 0], normalized_pva[:, 1])

plt.savefig(key_model_path / f"pva_normalized.png")

plt.close()

A.9 Wrapper to Predict Fluid Properties

def default_predict(img_files: list, parameter: str):

model_path = Path(c["directory"]) / "models/control" / parameter

# Load scaler from control model

scaler_path = model_path / "y_scaler.save"

with open(scaler_path, "rb") as f:

scaler = joblib_load(f)

# Load control model

model_path = model_path / f"model"

model = load_model(model_path)

# Load images

imgs = []

for img in img_files:

imgs.append(img_file_to_img(img))

imgs = array(imgs)
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# Make predictions

pred = model.predict(imgs, verbose=0)

pred = scaler.inverse_transform(pred).flatten()

return pred
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